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 Part III: Complex Systems in Healthcare 

  The term "medical uncertainty" has been used in the field of healthcare economics for a long time. This 

uncertainty has a significant impact on the management of healthcare, including healthcare costs. 

 If you are in the medical field, uncertainty is an everyday occurrence. For example, it is impossible in medicine to 

determine one's domain (support area). A company or store's domain is defined outside the medical field. McDonald's 

only deals in hamburgers. Even if a customer dislikes hamburgers, McDonald's will not serve anything other than 

hamburgers. However, it is impossible in medical care if a doctor wants to treat only appendicitis. Even if he operates 

on a patient with appendicitis, it could be an ovarian axis torsion, it could be cancer, or it could be diverticulitis. You 

may receive an ophthalmology patient by mistake, even if you are a neurosurgeon. If doctors only had to deal with 

specialized areas, it would be easier to provide medical care, but this is not the case. 

 It is not only physicians. There are often situations in medical care where the scope of patients cannot be limited. 

In Japan, emergency medical care is divided into primary care for patients with minor illnesses, secondary care for 

those requiring hospitalization, and tertiary care for advanced life-saving medical care. However, it is not uncommon 

for patients with minor ailments to visit tertiary care institutions, and it is not unusual for patients with myocardial 

infarction to visit primary care institutions. This is not only because patients are seen by mistake. Even if triage is 

performed in advance by the medical staff, mistakes are bound to occur. Medical care would be much simpler if only 

minor illnesses were seen at primary care facilities and only life-threatening patients were seen at tertiary care 

facilities. 

 The length of hospital stay has become an issue. However, as we experience in our daily clinical practice, the 

size of treatment cannot be limited: a patient admitted to the hospital expecting to be cured in a week may take three 

months to recover. Accidents sometimes occur in which a C-section results in massive bleeding and death. It is an 

unfortunate accident. If the blood transfusion had been completed in time, the patient's life might have been saved. 

You may think that it is as easy as deciding how much blood to prepare for transfusion during surgery. Many hospitals 

have been trying to determine the amount of blood to be ready for transfusion for a long time. However, deciding 

how much blood to be prepared is still impossible. Assuming that sufficient blood amounts are provided for all 

surgeries, most of the blood prepared would be discarded without being used. 

Convenience stores in town also determine appropriate inventory quantity by analyzing databases of products sold. 

In healthcare, however, proper inventory quantity still cannot be determined. You remove an item from your inventory 

one day because it will not be used for months; the next day, you need it. This situation often occurs. Is medicine 

lagging? The limitation of work, control of inventory, and appropriate cost management, which other industries can 

do, are not so well done in healthcare. 

As described above, medical uncertainty is commonplace in the field. Traditionally, there has been a widespread 

belief that science is unquestionable. This has led some to believe that medical uncertainty arises because medicine 

is not a science. However, the idea that "science is certain" collapsed with the development of chaos theory in the 

mid-20th century. In this section, We will show that uncertainty in medicine stems from the nature of the complex 

systems inherent in medicine. 
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Chapter 1: Linear, Nonlinear, and Dynamical Systems, then Chaotic and Complex Systems 

  

Y. Tachimori 

1 Linear, nonlinear 

1-1 Reductionism 

 Descartes' reductionism, which laid the philosophical foundation for modern science, is as follows. 

1) To accept as accurate only that which is clear and known. 

2) The problem should be divided into as many detailed parts or elements as possible. 

3) To know the whole, start with the simplest part or element and stack to the most complex. 

4) At this time, all the parts or elements should be taken up and composed without dropping even one of them. 

The main points are twofold. The first is to break it down into minor elements, and the second is to stack the broken-

down pieces to understand the whole. 

There is a difference between linear and nonlinear in this second stacking method. When stacking, linear theory 

considers that there is a linear relationship between the elements and stack them. On the other hand, nonlinear theories, 

such as chaos theory and complex systems theory, stack elements by assuming a nonlinear relationship between the 

parts. The two views are the same in that they both decompose into components.1  The idea differs from holism 

(holistic approach), which denies decomposition. 

 

 

1-2 Linearity 

 A linear relationship is intuitively in which elements' properties remain unchanged when stacked into a whale.  

For example, in the case of mass, the overall mass is simply the mass of each component piled (added up). The linear 

relationship (of a function) is mathematically expressed as follows. 

     𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦)                                   𝑓(𝑐𝑥) = 𝑐𝑓(𝑥)                  (III-1-1) 

This is the definition2 of the function f(x) being linear, which, in the first example, can be interpreted as follows. Let 

f(x) denote the mass of an element x. The first equation says that the group of two elements is the sum of their packs. 

The second equation states that the abundance of c elements is c times the mass of that element. If x and f(x) are real 

numbers, then it is proved that the only function that satisfies such a relation is the following equation, where a is a 

constant. 

   𝑓(𝑥) = 𝑎𝑥  .                                (III-1-2)  

This is the well-known expression for a straight line. In other words, a linear relationship between the variables x 

and y means that these two variables are in a proportional relationship (i.e., y=ax). 

 

 

1 In reality, however, most of the linear stacking was done until recently. 

2 For real-to-real functions, you don't need two expressions. One of them is sufficient. For functions from 

complex numbers to complex numbers or from vectors to vectors, these two defining expressions are 

necessary. 
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The two variables can represent anything3. If the variable x is the amount of change in the length of the spring and 

y is the pulling force of the spring, then this relationship is Hooke's law of springs. When a quantity changes over 

time, it can also be the relationship between the quantity at one time and the quantity at the next time. For example, 

consider savings. If the savings in one month is x, the amount of savings in the next month is y, and the interest in 

one month is a, then,  

   y= (1+a) x. 

This is also a linear relationship. 

Where each month is denoted by n, the deposit amount for month n is expressed as xn instead of x. Then, y is 

represented as xn+1, and the following equation describes the above relationship. 

( ) nn xax +=+ 11    .                              (III-1-3) 

If we determine the deposit amount x0 in the first month, we can find the xn in any month n as a function of n. 

0)1( xax
n

n +=    .                             (III-1-4) 

This equation expresses the deposit amount in month n as a function of n. Equation (III-1-3) is the relationship 

governing the change in savings, which is a linear relationship. The obtained equation (III-1-4) is the relationship 

between time (with month as the unit) and the amount of savings, a so-called exponential and nonlinear function. 

 Equation (III-1-3) is an equation to know the change of one variable, but it can also be used to understand changes 

in multiple variables. For example, suppose you have savings in two banks, A and B (interest rates are a and b, 

respectively). Let xn and yn be the respective deposit amounts in month n. Suppose further that a specific percentage 

c of B's deposit amount is transferred to A monthly. In this case, the changes in the deposit amount in banks A and B 

can be expressed as follows. 





−+=

++=

+

+

nn

nnn

ycby

cyxax

)1)(1(

)1(

1

1
                             (III-1-5) 

This equation allows us to determine the changes in deposits at the two banks each month. This is another linear 

relationship that represents a change in time. We call the two variables x and y linearly interacting in such a case. 

In physics and other fields, equations such as (III-1-3) or (III-1-5)4 are used to investigate changes in motion or 

state. In physics, it is called the motion equation or simply the equation, but here, it is called the "change-equation" 

 

3 Although y=ax+b is not strictly a linear relationship, it is generally considered to be a linear relationship 

because y=ax if the origin is shifted. While y=ax is a relationship between one variable x and one variable 

y, we also call (x,y) and (x',y') a linear relationship when the two pairs of numbers (x,y) and (x',y') are 

connected by the relationship {
𝑥′ = 𝑎𝑥 + 𝑏𝑦

𝑦′ = 𝑐𝑥 + 𝑑𝑦
. This is a vector-to-vector linear relationship. Furthermore, 

the same is true for more pairs of three numbers and more pairs of four numbers. 

4 These equations are discrete in time, but when time is continuous, the equations are called differential 

equations. 
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in the sense that it is an equation that represents change. If that change-equation is linear (mainly when it represents 

a change in multiple variables), we call those variables linearly interacting. 

Thus, the term linear is used in two primary senses. One is the linearity of the function, and the other is the linearity 

of the change-equation. As mentioned before, the time variation of a linearly interacting variable may not be 

represented by a linear function5. 

 

1-3 Nonlinearity 

Non-linear means “not linear”. A nonlinear function means a function that is not linear, and a nonlinear interaction 

means an interaction that is not linear. In fact, linear is an extraordinary relationship. There are very few linear 

relationships or linear interactions around the world. The world is full of nonlinearities. 

On the other hand, when we look at what humans do, linearity abounds. The machines humans make comprise 

many parts; in many cases, these parts interact linearly (this does not mean that each piece moves linearly). When we 

make a machine, we first make parts that do one thing. Then, those parts are combined to make a whole machine. 

Even after the parts are assembled into a whole, they still perform the same function. For example, the contents of a 

radio may look complicated, but it comprises several parts. They are divided into parts that supply power, detect 

waves, amplify waveforms, and play sound. These parts are combined to make a single radio, but the finished radio 

is nothing more than a machine that supplies power, detects waves, amplifies the waveform, and plays sound. In other 

words, it is a linear machine in that the entire radio shows only the function of the sum of its parts (linearity). 

Linear analysis is also used when looking at and analyzing social phenomena. Many use linear approximation 

since dealing directly with nonlinear functions and interactions is very difficult. This method is used everywhere 

because it is powerful and easy to handle. 

 

 

 

2. linear functions and linear approximation 

 

5 However, the function that represents the change in time of a linearly interacting system is fixed. It can 

only be a function consisting of a constant, a linear function, a trigonometric function (sin or cos), an 

exponential function and their sum. 
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In practice, we use linear approximation to deal with nonlinear phenomena. A linear approximation of a function 

is the idea that the function is approximated by a tangent line (tangent plane or tangent surface) at that point. 

Figure III-1-1 shows a tangent plane having contact with the function (surface) at point A. The surface is winding 

when viewed broadly, but it is close to a plane near point A. The idea is to approximate the surface by the value of 

the tangent plane at that point instead of the value of the surface. For example, let us assume that this surface 

represents a company's total sales operating a chain of stores, where the number of stores is x, and the store size is y. 

Suppose that the company is currently at point A. At this point, we consider changing the number of stores and the 

size of one store to increase the total sales in the future. For this kind of problem, we should consider the tangent 

plane at the current point A and move in the direction where the slope of the tangent plane becomes the largest. 

However, this method increases the error between the tangent plane and the surface as one moves forward. Therefore, 

the tangent plane is found again at a slightly advanced point. Then, the next direction is determined by determining 

the direction again with the new tangent plane. 

We said that there is a surface that determines sales, but in practice, it is rare to know what the shape of the surface 

is. However, the decisive point of the linear approximation method is that it can be performed even if the surface's 

shape is unknown. In the above example, a small experiment (or survey) is conducted at a particular time. In other 

words, the number of stores is slightly increased, or the size of the stores is increased somewhat, and how sales 

change is investigated. After conducting many of these small studies, the shape of the tangent plane is roughly 

determined.6  It is possible to draw a tangent plane without knowing the shape of the entire surface. 

The PDCA cycle (Plan-Do-Check-Action cycle) is used in production and quality control in business activities. In 

a sense, this is also a management method based on a linear approximation. We develop a plan for improvement in a 

business, do it, and evaluate whether the improvement has been obtained. Then, the degree of improvement is 

considered. The plan is slightly modified according to the evaluation. This is a process of overall improvement 

through repetition. To reach the top of the function, we construct a tangent plane at that point and move forward to 

the point where the slope is the greatest. Then, the tangent plane is again built at a slightly advanced stage, and the 

way forward is found. This process is repeated. This is the essence of the PDCA cycle, a linear approximation method 

for dealing with nonlinear phenomena. 

Linear approximation is also commonly used in the medical field. Comparative studies are conducted to investigate 

disease causes, which is also a type of linear approximation. One variable (e.g., smoking rate) is varied to see how 

the incidence of disease or mortality rate changes. Then, if there is a correlation between the change in 

that variable and the change in incidence, we determine that the variable affects the disease. This is only 

a local validity study. For example, the health hazards of cigarettes have been mentioned, and banning cigarettes 

may decrease lung cancer mortality rate. However, it is not known whether the overall mortality rate will decrease. 

There is also a theory that medical care costs will increase. Similar methods are often used in the public. For example, 

the economic effect of Hanshin Tigers (Japanese pro baseball team) winning a championship can be considered a 

linear approximation. 

 

6 Such a method is what is called in statistics a linear regression method. All general multivariate methods 

are linear approximation methods. 
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On the other hand, the linear approximation method has several drawbacks. One is the misalignment (error) 

between the tangent plane and the actual surface. However, this is a minor problem. As in the PDCA cycle described 

above, linear approximation does not end once. Going further, we can repeat the linear approximation and correct the 

misalignment. However, in some cases, such as medical care, where linear approximation is an extensive and costly 

process, it may be challenging to repeat the linear approximation. In such cases, if the fact is established when the 

misalignment becomes large, there is a danger that the point with the significant misalignment will be followed as it 

is. 

The more significant problem is that the solution obtained by linear approximation is only locally optimal and may 

need a better global solution. If you are climbing a mountain without a map and following the slope of an oblique 

face, you may reach a low mountain peak that is not the summit you aim for. Also, when you are at the top or bottom, 

the tangent plane will be horizontal, making it impossible to find a new solution. Furthermore, the system under 

consideration may sometimes undergo a catastrophe, a sudden breakdown. These possibilities are the essential 

problems of linear approximation. 

There is an even more severe and critical problem. It is a problem unique to systems that interact with each other 

in complex ways (complex systems), such as human activity and biology. The problem is that when one moves toward 

the top of a curved surface, the shape of the surface itself is changed by that activity [1][2]. This problem typically 

occurs in complex systems like those we will discuss later. It is like the phenomenon of election predictions changing 

the election results.7  This can be considered as the problem does not fit the linear approximation (theory breaking). 

Thus, the linear approximation method has significant limitations, but at a stage when the broad functional form 

is not known (and probably will not be in the future), this method cannot be said to be wrong. Furthermore, a better 

way has yet to be found. However, it is necessary to be aware of the method's limitations as it is applied. 

 

3. Dynamical system 

Next, we consider the change-equation. In physics and mathematics, a system of equations for determining time 

changes is called a dynamical system (Appendix III-1). A dynamical system does not only deal with physical 

phenomena such as the motion of particles but also with social movements, economic movements, changes in the 

number of living organisms, and so on. These are all treated mathematically in differential equations or regression 

equations8. The term dynamical system is a tribute to mechanics, the first to use such a method. 

The solution of the equations of a dynamical system reveals the time variation of the system. A time series graph 

 

7 Such a phenomenon is called an internal observation. 

8 As mentioned before, there are two types of change-equations: differential equations when time is 

continuous and those that treat time as discrete (1, 2, 3, ...). When time is discrete, we deal with 

equations of the form xn+1 =f(xn ), where time is represented by an integer n. Such an equation is the so-

called recurrence formula in high school mathematics. It is also called an autoregressive equation. This 

means that if we try to find xn+1 , xn+1 =f(xn )=f(f(xn-1 ))=f(f(f(xn-2 )))=...=f(f(f(f...(f(x0 )))...). This is 

because it goes back autoregressively. Also, in the world of computer programs, such a relationship is 

called a recursive call or a recursive function. 
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is obtained by writing the time on the horizontal axis and the values of the variables on the vertical axis. Although it 

is possible to think of the properties of a dynamical system in terms of a time-series graph, it is easier to think of it 

in terms of the concept of phase space. Now, for n equations (whose variables are x1, …, xn ), the values of the variables 

at each point in time are represented by the points (x1, x2, ..., xn ) in the n-dimensional space. This is called the phase 

space of the dynamical system. The dimension n of this space is called the dimension of the dynamical system. This 

phase space gives a better picture of the properties of the dynamical system than a direct representation of the time 

series data. For example, if the solution of a dynamical system has 𝑥 = sin (𝑡), 𝑦 = cos (𝑡), then the solution can be 

expressed in phase space as a circle (Appendix III-2). 

The idea of representing the world in terms of such differential or regression equations began with Newton's 

mechanics, but the goal is to find the time variation of an object. As I mentioned earlier about linear and nonlinear 

functions, the change-equation is one tool to find the very functions. This kind of thinking has led physics to the 

center of natural science.  

This idea of a change-equation shaped the so-called deterministic worldview. It is as follows. A differential 

equation represents the motion of all particles. Solving that differential equation will elucidate all future particle 

motions. This is equivalent to being able to predict the changes in the world entirely. 

In the change-equation, the nature of the time variation obtained is very different between linear and nonlinear. 

Therefore, the use of linear approximations is limited (theory breaking). The solution for the time variation of a linear 

equation is completely solvable (precisely only for constant coefficients). It is also known that the stable destination 

of the time variation (often crucial in practice) can be expressed in phase space in two ways: 1) it leaves away to 

infinity, or 2) it approaches a certain point and becomes fixed. 

“Stable” means that it approaches there spontaneously and returns to the original point as soon as it is displaced. 

The previous fact shows that for a linear equation, the only stable state is either a fixed point or infinity. It is easy to 

understand if we take a pendulum as an example. Without friction, the pendulum would continue swinging with a 

constant period and amplitude (periodic motion). However, this periodic motion is unstable. “Unstable” means that 

the pendulum will move to another position after a slight change. For example, if a small amount of force is applied 

to this pendulum to change its amplitude, it will continue to swing with the new amplitude. However, if there is even 

a tiny amount of air friction, the amplitude will gradually decrease and eventually stop. Since there can be no friction 

in the real world, the far future state of the pendulum is one in which it comes to a standstill. In other words, this 

stopped condition is stable. Thus, in the linear equation of change, the only stable state is a stopped state, except for 

the case where the pendulum leaves an infinite distance. 

This stationary state appears in many places. Chemical equilibrium, homeostasis in living organisms, and 

stabilization of states through feedback all resemble the static state of a pendulum. However, the real world is full of 

change. Linear equations cannot explain such changes. 

In nonlinear equations, the situation changes drastically. Again, we consider the final state, excluding transient 

states. The first stable state found in nonlinear equations is periodic motion. In the case of a pendulum, even if it is 

in periodic motion, it changes to a motion of a different amplitude as soon as it is shaken slightly. However, the 

periodic motion found in the nonlinear equation is stable. Even if the motion is somewhat shifted, it immediately 

returns to its original orbit. In this sense, the motion is quite different from a pendulum's. Here, a stable and changing 
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final state (steady state) is found for the first time. This is called the “limit cycle”. 

 

 

 

Many phenomena in the world appear to be periodic. The heart's movement, respiratory motion, etc., appear at 

first glance to be periodic motions. For this reason, it was once thought that these motions were limit cycles. However, 

a closer look at either the heart or respiratory motion reveals that they are not cyclic (Figure III-1-2). Movements that 

appear to be cyclic at first glance but, upon closer inspection, are different from cycles. The cause of such motion 

was not easily understood. In such a situation, a state called chaos was discovered. 

Chaos is a stable state found in the solution of a nonlinear equation (differential equation or discrete dynamical 

system) with highly complex behavior [3]. A steady state does not mean it stays at a specific value. It means it is 

moving in a very complex way within a specific range, but if you pull it away from that state a little bit, it will return 

to its original state.9  

Such a state that keeps moving is not periodic and returns, when you pull it apart, is called a "strange attractor" 

(Figure III-1-3). This means a strange state as if attracted to that state (Appendix III-2). At first glance, such a chaotic 

state appears to be a periodic motion. However, a closer look reveals that the motion differs from periodic motion. 

These motions are like those of the heart, respiration, brain waves, etc., and it is said that they may be chaotic motions. 

 

9 “A little” means that if you move it a lot, it may not come back. In nonlinear equations, there is often 

more than one stable state, and if you move it too far, it will be pulled into another stable state. 
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4. from chaos to complex systems 

 The characteristics of chaotic motion appearing in nonlinear equations (differential equations or discrete dynamical 

systems) are as follows. 

(1) The time series (trajectory) appears random at first glance. 

   From simple equations, seemingly random and complex motions occur. 

(2) Initial value sensitivities: any small initial error magnifies greatly. 

Therefore, the future cannot be predicted. In chaos, the magnitude of the error increases exponentially with 

time. That is, the error is proportional to eλt. The average of the coefficients λ of this exponential function 

is called the Lyapunov exponent. This value is a significant number that characterizes chaos. This fact that 

small changes are greatly magnified is called the butterfly effect. This term is a metaphor for a butterfly 

flapping its wings in Japan, which may cause a storm in the United States. 

Because of the above properties of chaos, it isn't very sensible to carefully follow the changing trajectories. To 

observe and treat the state, some statistical treatment is necessary. Moreover, it is possible to keep a statistical 

structure that differs from the normal distribution. It is also seen that there is a relationship between chaos and 

fractals since so-called fractal structures can be found in the geometry of strange attractors[4][5]10. 

The following differential equations of three variables describe Lorenz chaos, a typical chaos. 

 

10 For more information on fractals, please refer to references [4][5]. 
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𝑑𝑥

𝑑𝑡
= −𝑝𝑥 + 𝑝𝑦      

𝑑𝑦

𝑑𝑡
= −𝑥𝑧 + 𝑟𝑥 − 𝑦

𝑑𝑧

𝑑𝑡
= 𝑥𝑦 − 𝑏𝑧          

    .              (III-1-6) 

   

The nonlinear differential equations that produce chaos must contain at least three variables. It has been proven that 

attractors created from differential equations with two variables are limited to a single point or limit cycle (Appendix 

III-2). In discrete dynamical systems, chaos can also emerge from just one equation. The most straightforward such 

equation is called the logistic map and is described by the equation 𝑥𝑛+1 = 𝑎𝑥𝑛(1 − 𝑥𝑛).  

In general, chaos is described by three or four equations (the number of variables in the equations is called the 

degree of freedom), but how does a system with a large degree of freedom behave? A gas comes to mind as a system 

with significant degrees of freedom. The number of particles in a gas is in the order of 1023. This means that the 

degree of freedom is in the order of 1023. The behavior of a system with such a large degree of freedom is quite 

different from that of a system with a small degree of freedom. In the case of a gas, individual particles' motion 

characteristics are lost. The global behavior of the gas as a whole can be expressed in terms of only three variables: 

pressure (P), volume (V), and temperature (T), which are defined as the famous gas equation 𝑃𝑉 = 𝑛𝑅𝑇. There, the 

individuality of particles disappears, and the motion of each particle is described only statistically. That is, the kinetic 

energy of each particle follows a normal distribution, and the individual particles' motion is neglected. This is because 

the interactions between individual particles are small or almost negligible. 

Then, even for systems with significant degrees of freedom governed by nonlinear equations, is it possible to lose 

the individuality of each variable and become describable in some macroscopic small number of variables? Tsuda, 

Kaneko [2], and others have investigated this question by taking an example of a simple system with a large degree 

of freedom. They first studied the motion of a discrete dynamical system with a large degree of freedom since a 

system of differential equations would be computationally expensive. Specifically, based on 𝑥𝑛+1 = 1 − 𝑎𝑥𝑛
2, which 

generates chaos with one degree of freedom, this is extended to N degree of freedom. Depending on the extension, 

the system is divided into CML (Coupled Map Lattice) and GCM (Globally Coupled Map). The equations are as 

follows. 

Let 𝑓(𝑥) = 1 − 𝑎𝑥2 and the time is n, and the variable number is i. Then, each system is represented by the 

following N equations. 

CML: (i=1, …, N) 𝑥𝑛+1(𝑖) = (1 − 𝜀)𝑓(𝑥𝑛(𝑖)) +
𝜀

2
(𝑓(𝑥𝑛(𝑖 + 1)) + 𝑓(𝑥𝑛(𝑖 − 1))) i=1, …, N  (III-1-7) 

 

GML: (i=1, …, N) 𝑥𝑛+1(𝑖) = (1 − 𝜀)𝑓(𝑥𝑛(𝑖)) +
𝜀

𝑁
∑ 𝑓(𝑥𝑛(𝑗)
𝑁
𝑗=1 )  i=1, …, N               (III-1-8) 

 

CML represents a local interaction in which the value of each variable is influenced only by both neighbors (i+1, i-

1). In contrast, GML represents a global interaction in which the average of the values of all variables affects each 

variable. The constant ε is a constant that represents the magnitude of the influence. The larger it is, the more 

significant the impact on the other variables. Global influences such as those in GML are often found in biology, 

society, etc. For example, in a very simplified model, blood flow in each vessel is determined by the blood pressure 
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applied to that vessel and the vascular resistance. However, the blood pressure in each vessel is affected by the overall 

blood pressure. The total blood volume and the total vascular resistance determine the overall blood pressure. In other 

words, the blood flow in an individual vessel meets the requirements of GML because it is affected by the global 

total blood flow and total vascular resistance, not just the local situation at that site. 

Kaneko et al. have simulated a GML consisting of several hundred elements and revealed several important 

properties [2]. The system is divided into parts (attractors) in which all or part of the elements oscillate synchronously 

depending on the parameters a and ε values. Specifically, it takes one of the following states. 

(1) A coherent phase in which almost all initial conditions fall into complete retraction and oscillation. 

(2) An ordered phase with a few (k<<N) attractors occupying most of the time. All elements within each attractor 

are synchronized and have the same time series. 

(3) A partially ordered phase in which various attractors with different numbers of clusters coexist depending on 

the initial conditions. 

(4) Asynchronous phase in which each element oscillates entirely discretely. 

 

In the above cases 1)~3), the degrees of freedom decrease, but in case 4), the degrees of freedom remain N because 

all elements move separately. In the first case, 1) and 2), the system is divided into several parts, each moving 

synchronously. Therefore, once this state is reached, it will remain in it forever. What initially had N degrees of 

freedom is reduced to k (usually several). In terms of a phase space, information is being compressed from a graph 

with several hundred dimensions to a graph at the level of two dimensions (plane) or three dimensions (space). The 

following case 3) is complex. The part of the elements that move synchronously is the same as in 1) and 2). However, 

the characteristic of this situation is that each component has a part that moves out of synchronization. The parts that 

move out of synchronization are not entirely separate from each other, but as time passes, some of the elements move 

together, and at some time, they are combined with other elements. Tsuda, Kaneko, and others call this phenomenon 

of coherent parts changing with time "chaotic itinerancy.” In the case of low-dimensional chaos, once an attractor is 

formed, it remains an attractor forever without changing. However, in the case of multidimensional chaos, a coherent 

part may appear to be an attractor. Still, it is only temporary, and over time, the attractor may collapse and become 

completely disjointed, or it may become another attractor. In other words, the attractor state is not stable but 

metastable. 

Such a phenomenon is chaotic itinerancy. During coherent periods over time, the degree of freedom is reduced. 

However, during asynchronous periods, the degree of freedom is more significant. And it is impossible to predict 

when the metastable state will break down. The simulation results show that the change from a metastable to an 

asynchronous state occurs abruptly. This probably corresponds to the fact that the movement of each microscopic 

element is chaotic, and its trajectory cannot be wholly predicted. Also, in this 3) state, a hierarchical structure of the 

system is often observed; see reference [2] for details. In the last asynchronous phase 4), even though chaos is present, 

the individual elements are moving separately, so no reduction in degrees of freedom occurs. 

 As discussed below, much chaos has been found in living organisms. In many cases, these dimensions are only a 

few dimensions, and no cases of hundreds of dimensions have been found. Most living organisms are dynamical 

systems with more than a few hundred million dimensions. The fact that the dimensions of chaos found in such 



13 

 

systems are only a few dimensions suggests that a reduction of the dimensions found in GCM research is occurring. 

In a sense, such a dimension reduction can be regarded as the appearance of an order in the system due to the 

interaction between the elements. 
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Chapter 2: Complex Systems and Power-law Distribution 

Y. Tachimori 

1 What is power-law distribution? 

Chaos theory was found in the theory of dynamical systems. At that time, a dynamical system's degree of freedom 

(which can be thought of as the number of equations) was about 3 or 4. Few degrees of freedom means that the 

system is simple. Then, the question arises as to what happens in a system with many degrees of freedom and a more 

significant number of elements. The answer to this question is the theory of dynamical systems consisting of many 

elements, as explained in Chapter 1-4. A system consisting of many elements is naturally a system with many degrees 

of freedom, and CML and GCM are examples of systems consisting of many elements. What we have learned from 

the studies of CML and GCM is that a situation like that of chaos theory with small degrees of freedom can be created 

in such a system. The entire system can be in periodic motion or a chaotic state with few degrees of freedom. 

Moreover, such a system is characterized by many such states in one system. Therefore, the system settles into 

different states depending on the initial conditions. More importantly, although the system that has settled down 

appears stable at first glance, it sometimes suddenly collapses and shifts to another state. The system has many 

metastable states, and the system transitions between these metastable states over time. This is the phenomenon seen 

in dynamical systems with many degrees of freedom. 

Another important aspect that emerged from chaos theory is how systems are described. In the original Newtonian 

mechanics, a system is defined by the positions of the particles and their changes in time. Newtonian mechanics is a 

theory that predicts, and even wholly predicts, changes in place, so-called determinism. However, chaos theory proves 

that it is impossible to predict the position entirely. This means that it is impossible to describe a system by 

determining the position of its particles at a particular time. In that case, how should the system be defined? According 

to chaos theory, the position cannot be determined entirely, but the probability of the position of an element can be 

determined. This means that the way to describe the system is to change from the position at a particular time to the 

probability of the position. This is also true for CML and GCM. There is no point in describing the exact values of 

the elements of the system, which means that we can only predict the probability distribution of the element values 

and, in some cases, the probability distribution of the index representing the entire system. 

Another critical point is the hierarchical structure: studies of CML and GCM have shown that hierarchical 

structures can be observed in metastable states. It is a matter of course that hierarchical structures are kept outside of 

dynamical systems, but they must also be observed in dynamical systems. In the world of physics, there is a world 

of statistical mechanics, which consists of many particles, in contrast to the dynamics of a few particles. The world 

of statistical mechanics is a world of probability compared to that of mass dynamics. The way of describing this 

world is different from that of the microscopic world, and it is characterized by macroscopic indices such as 

temperature, pressure, entropy, etc., which represent statistical averages. Former attempts to explain the laws of the 

visible world using microscopic dynamics have ultimately failed. There is a hierarchy in the microscopic world, and 

the macroscopic world, and the logic of the lower hierarchy cannot explain the theory of the upper hierarchy. This 

means it is impossible to describe the visible world by Newtonian or quantum mechanics. The macroscopic world 

requires macroscopic logic[2]. 

The dynamical system cannot represent some worlds and objects in the higher hierarchy of the world that the 
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dynamical system can represent. In the world of living organisms, and especially in the world of populations of living 

organisms, there are few objects that the dynamical system can represent. The change in the number of individuals, 

the spread of disease infection, etc., can be expressed to some extent by the dynamical system. However, a dynamical 

system can't describe the behavior of individuals, the social behavior of a group of individuals, much less a human 

society or a society created by humans. Then, are there no general laws in such a world? This question gave rise to 

the concept of complex systems. 

Complex systems must be better defined, and different people have different definitions. However, the following 

definitions are generally accepted. 

 1) The system11 is composed of many elements (agents12). 

2) Each agent interacts locally with each other. 

3) This local interaction results in the emergence of overall properties, states, and behaviors that cannot be 

predicted from the properties of each agent. 

4) These overall properties, state, and behavior affect and change individual agents' behavior. 

Here, 3) and 4) are automatically determined by 1) and 2), and such an overall state of the system does not exist from 

the beginning. 

The requirements for a system are 1) and 2), but we do not mean that a complex system satisfies only these 

requirements. There are cases in which an overall property shown in 3) spontaneously comes into existence from a 

system composed of 1) and 2). Such a phenomenon is called emergence, which is called a complex system. As for 

4), even if an overall property like 3) emerges, it does not mean that the behavior of individual agents will change. 

The agents only interact locally, which is determined from the beginning. However, when viewed from the outside, 

their behavior appears as if the properties of the whole influence it. 

It has been reported that when a bartering model is simulated, one of the items being bartered acts as if it were 

money [6]. Although each agent is bartering, they appear to sell over a particular item. The behavior of individual 

agents can then be explained as money-mediated behavior. This phenomenon can be considered the emergence of 

money through personal and local interactions. 

A little caution must be exercised regarding the local interaction in 2) above. Local in the strict sense means local 

in both time and space. That is, it means that the properties of one agent at a given time affect only other agents in 

the immediate vicinity. However, it is still being determined whether overall properties emerge in local interactions 

in this sense. The GCM includes the global property of the overall average in the interaction. The overall average 

means that each agent's property affects the whole. For overall properties to emerge in a complex system, the range 

of influence of each agent may need to be global in space or time. In the case of biological groups, including human 

societies, the function of memory may make the interaction global. 

 

11 The system is the totality of the object we are now considering. It is determined by the arbitrariness of 

the observer rather than objectively existing. 

12 An agent does not necessarily have to be thought of as an individual with a human-like will. It can be a 

tissue, a biological organ, or a concept. It can be anything that can be considered as a single entity by the 

observer. 
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 The following are some of the characteristics of such complex systems. 

  1) Breaking down the whole into its elements does not give us an understanding of the whole. 

  2) Overall properties other than the simple sum of the parts emerge. 

  3) Cause and effect are not uniquely linked. 

  4) All past phenomena influence present situations and phenomena. 

  5) Changes in the system and phenomena cannot be predicted in the long term. 

Complex systems are a concept derived from nonlinear mathematics, especially chaotic systems. Therefore, they 

inherit the properties of nonlinear systems. Of the above, 3), 4), and 5) are derived from the initial value sensitivities 

of chaotic systems. Furthermore, 2) is the concept of emergence and is essential for complex systems [7][8][9]. 

 The case of gases, discussed in Chapter 1, is a system of many degrees of freedom but with small interactions with 

each other. The particle-by-particle interaction results in an energy exchange between each particle, and finally, the 

kinetic energy of the particles becomes a normal distribution around a mean energy. This means energy becomes the 

temperature, an important parameter representing the state of the gas. The reason that temperature is an important 

parameter representing the properties of a gas is that the energy distribution is normal. In this case, the property of 

temperature is not a property that is not expected from the properties of each agent. It is simply the sum of the energies 

of the individual particles. This is consistent with the idea that to understand the whole, the whole can be broken 

down into more minor elements, which can then be added together. Thus, a gas system is composed of many factors 

but not a complex one. 

 What happens when there is interaction between agents? Consider a game of guessing the two sides of a coin. A 

coin is tossed, and many people are asked to think the flip or front sides. First, consider that these many people are 

now standing in a line. Then, we asked each person whether they believed the coin was the flip or front sides. There 

are two cases in this case: one is to ask without telling how others answered, and the other is to ask after describing 

how the previous person answered. Presumably, the answers would be a random sequence in the first case. However, 

the neighbor's answer influences each person's response in the following case, so it may not be a random sequence. 

Thus, the interaction causes a deviation from random. 

It is yet to be determined whether there is a property that holds for complex systems in general. However, a power-

law distribution is often found in complex systems as a counterpart to the normal distribution for gases mentioned 

earlier [9][10]. A power-law distribution is a distribution in which a particular variable's frequency distribution 

(probability distribution) is proportional to 1/xα. The properties of the power-law distribution are described in detail 

in the following chapters. Still, it is also found in many other complex systems besides medical care, as shown in 

Table III-2-1 and Figure III-2-1. Recently, in particular, many power-law distributions have been known to appear on 

the Internet. Power-law distributions on networks are known as "complex networks" and are an essential recent topic 

[11]. 
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Traditionally, many statistical phenomena have been believed to be normally distributed. In addition, theories were 

often constructed assuming a normal distribution to explain the phenomena. When a system with a power-law 

distribution is approximated by a normal distribution, deviations, and leaks occur between the actual value and the 

distribution. This leakage is more significant than expected, and the prediction is based on the theory assuming normal 

distribution may break down or the theory construction itself may collapse. Some believe that the recent financial 

crisis was caused by the failure of financial engineering theories to predict large market fluctuations due to the 

assumption of a normal distribution of exchange rate fluctuations. In reality, exchange rate fluctuations are said to 
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deviate from the normal distribution and have a distribution similar to the power-law distribution, which can be 

interpreted as a complex system[10]. 

The power-law distribution is also called "scale-free distribution" or "fractal distribution" and is closely related to 

fractals and chaotic systems. Many models have been proposed to explain why the power-law distribution occurs. 

Some of them are discussed in the following chapters. 
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2 Causes of power-law distribution 

 

2-1. Power-law distribution, Long Tail distribution 

 

 

 

In complex systems, the interaction of elements results in the emergence of overall properties that cannot be 

predicted from the behavior of the individual components. The most common property is a long tail distribution, such 

as the power-law distribution. The "Power-law distribution" is found in a wide range of fields, including word 

frequency distributions in sentences, physical phenomena such as phase transitions, cellular-level phenomena in 

living organisms, phenomena in biological populations, and phenomena in human society [12] [13] [14] [15] [16] 

[17]. 

 

 Consider A in Figure III-2-2 as a histogram of heights from a hypothetical group of 100,000 people (let N). Let us 

assume that the increments are 1 cm. If we randomly select one person from this population, the probability that their 

height is between 140 cm and 141 cm is a/N, where a is the frequency read from 140 cm on the graph. So, to make 

the chart directly represent probability, all the vertical axes of graph A should be multiplied by 1/N. This is the graph 

B. From this graph, we can now read the probability of being a certain height. However, the increments in this chart 

are every 1 cm. Therefore, reading off the probability of being between 140 cm and 140.5 cm is impossible. In this 

case, it is necessary to decrease the interval between ticks of the histogram. However, the smaller the gap, the larger 

the error in the graph. To reduce the error, it is necessary to increase the size of the population being measured. 

Eventually, the chart becomes a smooth curve as the population's size increases and the interval between ticks 

decreases. This curve is shown in Graph C. 

 Such a smooth curve representing probability is called a probability density function (PDF). The probability 

density function p(x) means that the probability that the value x of the random variable X13 is greater than or equal 

to a and less than b, that is, a≤X<b, is the area from a to b of the curve p(x), i.e., Or it means that when dx is a small 

value, the probability that X is x≤X<x+dx is p(x)dx. Instead of the probability density function, a distribution function 

(or cumulative distribution function, CDF) may be used. Let F(x) denote the distribution function, which means the 

area under x in the p(x) graph. In other words 

 

13 A random variable is a mapping from an event to a real number. In the height example, the event 

represents each individual and the real number represents his or her height. For example, if an individual 

is represented by ω, X(ω)=152 means that the height of individual ω is 152cm. 
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     𝐹(𝑥) = ∫ 𝑝(𝑥)𝑑𝑥
𝑥

−∞
= Pr(𝑋 ≤ 𝑥) .                                     (III-2-1) 14 

In other words, it means the probability that X is less than or equal to x. Instead of the cumulative distribution function, 

the complementary cumulative distribution function (CCDF or CCD) CF(x) may be used. This is defined as follows. 

    𝐶𝐹(𝑥) = ∫ 𝑝(𝑥)𝑑𝑠
∞

𝑥
= Pr(𝑋 > 𝑥) = 1 − 𝐹(𝑥) .                               (III-2-2) 

In other words, it means the probability that X will be greater than x. When considering probability, you can use PDF, 

CDF, or CCDF (CCD), but you must know what you use. 

 A random variable X or p(x) is said to have a power-law distribution when p(x) is proportional to x-α when x is 

above a certain value xmin. In other words, p(x) is said to follow a power-law distribution when the following equation 

represents it. 

  𝑝(𝑥) ∝
1

𝑥𝛼
        (𝑥 > 𝑥𝑚𝑖𝑛)  .                                                   (III-2-3) 

The proportionality relation should only hold when x>xmin. This indicates that the power-law distribution is a large x 

(tail) phenomenon. 

 Here, we call α the "power exponent". Taking the logarithm of both sides of (III-2-3), we obtain 

   log(𝑝(𝑥)) ∝ log
1

𝑥𝛼
= −𝛼 log 𝑥  .                                          (III-2-4)  

This shows that a graph of the logarithm of the value x and the logarithm of its probability is a straight line (Figure 

III-2-3). The same is true for the frequency instead of the probability. From the slope of this line, we can determine 

α [18]15. 

 

 

 Based on actual data, the power-law distribution can be graphically represented by the Zipf plot and CCDF methods 

in addition to the probability density method. In the Zipf plots and CCDF, both logarithmic graphs of the power-law 

distribution are straight lines. If the slope of both logarithmic graphs of the Zipf plot for the same data is -ζ and the 

slope of both logarithmic graphs of the CCDF is -β, the following relationship exists (Appendix III-4). 

 

14 Pr(X formula) means the probability that X satisfies this formula; Pr(X ≤ x) means precisely 

Pr{ω|X(ω) ≤ x}, which means the probability of a set of individuals ω whose height is less than or equal 

to x. Probability is the ratio of the set of ω to the whole. 

Thereafter, though some integrals appear, ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 is the area bounded by f(x), the vertical lines of 

x=a, x=b, and the x-axis in the graph of f(x). 

15 To be more precise[19]. 
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𝛼 = 𝛽 + 1 =
𝜁+1

𝜁
 .                                 (III-2-5)          

 From now on, we will refer to the exponentα in the probability density simply as the power-law exponent, the 

exponent obtained from the slope of the Zipf plot as the Zipfs exponent (or simply ζ), and the exponent obtained from 

the slope of the CCDF graph as β. 

 A power-law distribution is essentially a probability distribution. However, there are cases where a power-law 

connects two variables, y and x. In other words, it is the case where 

   𝑦 ∝
1

𝑥𝛼
   .                             (III-2-6) 

In this case, y and x are said to have a " power-law" relationship. Again, α is called the power-law exponent. The 

"power-law distribution" can also be described as a distribution in which probability and x are related by the "power-

law." 

 The power-law distribution is attractive in complex systems because it is often found in complex systems. Another 

is that the power-law distribution has properties that differ significantly from normal distributions. The characteristics 

of the power-law distribution depend on the value of the power-law exponent α. Mathematically, there are three points. 

(i) 0≤α≤1 

  If α = 1, then 

    

                                        ∫ 𝑝(𝑥)
∞

𝑥𝑚𝑖𝑛
𝑑𝑥 = ∫

𝐴

𝑥

∞

𝑥𝑚𝑖𝑛
𝑑𝑥 = [𝐴 log 𝑥 ]𝑥𝑚𝑖𝑛

∞ = ∞  .      (III-2-7) 

           

If α ≤ 1, then 
1

𝑥𝛼
≥
1

𝑥
 so the above integral still diverges. After all, p(x) is not a probability distribution. 

② 1<α≤2 

In this case, ∫ 𝑝(𝑥)
∞

𝑥𝑚𝑖𝑛
𝑑𝑥 will be a finite value, so p(x) is a probability distribution. 

   

                                 ∫ 𝑥𝑝(𝑥)
∞

𝑥𝑚𝑖𝑛
𝑑𝑥 = ∫ 𝑥𝐴/𝑥𝛼

∞

𝑥𝑚𝑖𝑛
𝑑𝑥 = ∫ 𝐴/𝑥𝛼−1

∞

𝑥𝑚𝑖𝑛
𝑑𝑥 .           (III-2-8) 

 

           

However, the above integral diverges since α-1≤1 in the above equation. In other words, the average no longer 

exists. 

③ 2<α≤3 

The mean exists by the same argument as above, but the variance is infinite. This indicates that the variance of 

the data is enormous. 

As described above, the behavior of p(x) for a power-law distribution varies greatly depending on the magnitude of 

its power-low exponent. How this affects medical care will be discussed again in Chapter 3. 

  In social phenomena, including medical care, there are many so-called "long tail distributions" other than the 

power-law distribution. The lognormal distribution or the truncated power-law distribution are representative of such 

distributions. There is no significant difference between these distributions in terms of tail. Distributions that are said 

to be power-law distributions often deviate from the power-law distribution when x is large. Therefore, the mean and 
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variance exist even though the distribution is called a power-law distribution. However, since the variance is 

enormous for both distributions, there will be little difference in application. 

  

2-2.Causes of power-law distribution 

Many models have been proposed for creating such a power-law distribution [19]. According to Newman, the 

following mechanisms exist for the power-law distribution. 

1) Combination of exponential functions 

2) Inverse 

3) Random walk model 

4) Yule process (rich-get-richer) 

5) Phase transition 

6) Self-organized criticality 

7) Broken stick model 

 Of the above, 1) and 2) are tricky mechanisms in some respects. The "combination of exponential functions" is a 

power-law distribution that occurs as follows. Suppose a quantity y has an exponential distribution. That is, there is 

a relationship p(y)~exp(ay) (where p(y) is the probability density of y). Suppose further that the quantity x has a 

relationship x~exp(by) with y. Then, the following equation expresses the distribution p(x) of x. 

   𝑝(𝑥) ∝
𝑥
−1+

𝑎
𝑏

𝑏
   .                             (III-2-9) 

In other words, p(x) is the power-law distribution with power-law exponent 𝛼 = 1 − 𝑎/𝑏. 

 The "inverse" mechanism of the second is that when the distribution p(y) of y has p(0)>0, given x such that x=1/y,  

𝑝(𝑥) = 𝑝(𝑦)
𝑑𝑦

𝑑𝑥
= −

𝑝(𝑦)

𝑥2
   ,                       (III-2-10) 

where y is close to zero at large x, so we end up with 𝑝(𝑦) ≅ 𝑝(0) and so we obtain the following equation. 

  𝑝(𝑥) ≅
𝑝(0)

𝑥2
∝ 𝑥−2  .                           (III-2-11) 

 

 This can be considered a superficial power-law distribution. Four mechanisms other than these two are essential 

and will be discussed in more detail. 

 

3) Random walk model 

 The Random Walk Model is a model for the life span of various objects. The random walk model is the following 

model.  

Suppose that the state x(n) at time n can be represented by an integer (..., -2,-1,0,1,2, ...). 

In this case, at each time, it changes to +1 with probability p and -1 with (1-p). 

In other words, it changes as follows. 
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 {
𝑥(𝑛 + 1) = 𝑥(𝑛) + 1                probability 𝑝

𝑥(𝑛 + 1) = 𝑥(𝑛) − 1        probability (1 − 𝑝)
 .                  (III-2-12) 

Let x(0) = A and consider the first n for which x(n) = 0 to be the lifetime T of this system. 

In this model, when p=1/2, the distribution of T is a power-law distribution [20]. Specifically, it is expressed by the 

following equation. 

   𝑝(𝑇) ∝ 𝑇−1.5 . 

In other words, it is a power-law distribution with a power-law exponent α=1.5. A slight variation of this model can 

be used to create a model for the distribution of hospitalization duration (see Chapter 3 for details). 

 

4) Yule process 

 This model is also known as the rich-get-richer model. The phenomena explained by this model include the 

distribution of populations in cities, the distribution of citations of articles, the distribution of species in genera in 

biological classification, and the distribution of links on the web. As discussed later, this mechanism may also be 

related to the distribution of patients with a disease in medical care. 

 Here is a model of urban population distribution. It is well known that the urban population distribution forms a 

power-law distribution [8]. A model to explain this is the Yule process. The model is as follows. 

For a system consisting of several cities 

1. periodically, a specific population of groups is added to the system. 

2. the group creates a new city with probability π or joins a group already forming a city with probability 1-π. 

3. if a group joins an existing city, the probability of joining any city is proportional to the population of each 

city. 

This is all. Figure III-2-4 shows the results of simulating this model. 

 

 

 As you can see from the graph, the city's population has a power-law distribution. As mentioned, this simple model 

is a mechanism for many "power-law distribution" phenomena. 

 

5) Phase transition 

  A phase transition is a physical phenomenon. It represents a situation in which the state of a system changes 
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abruptly. It is a phenomenon in which water becomes ice or gas at a specific temperature. When the phase transition 

does not occur, the system is said to have an inherent scale (length, size, time) and so on. However, this intrinsic scale 

is lost at the critical point when a phase transition occurs. At the critical point, all possible lengths and sizes arise, 

and the length distribution forms a "power-law distribution. 

 

6) Self-organized criticality 

  Phase transitions are unique situations that occur at certain temperatures and environments. Therefore, it is 

considered a phenomenon that occurs only rarely. On the other hand, self-organized criticality is a phenomenon in 

which the system automatically creates such a critical state as a property of the system. This phenomenon is a concept 

discovered by Per Bak in his research on phase transitions [7][21]. The model he created is known as the "sand-pile 

model.” When sand is gradually piled up on the ground, at a certain point, it can no longer be piled up, and an 

avalanche occurs. This model assumes that the avalanche size distribution at this point forms a power-law distribution. 

This model explains the relationship between the magnitude and frequency of earthquakes (Gutenberg-Richter law, 

Figure III-2-1) and the relationship between the size and frequency of wildfires. 

In the world of medical care, there is not any phenomenon that this model can explain. However, since it will become 

important later in explaining the concept of "truncated power-law distribution," I will explain this model here. This 

model is as follows (Figure III-2-5). 

Consider a lattice with one side N. 

(1) At each point, one block is dropped randomly. 

(2) If the number of blocks in the dropped lattice is four due to the drop, the blocks are distributed (avalanche) 

one by one to the four lattices around that lattice. 

(3) If the number of blocks in the distributed grid is 4, perform (2) for that grid. 

This operation is repeated until the avalanche stops. 

Once the avalanche stops, return to (1). 
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 In this model, the lattice size is considered infinite. The full power-law distribution is obtained only when the 

lattice size is unlimited. When the lattice size is finite, a "truncated power-law distribution" is accepted, as will be 

described later. 

 

7) Broken stick model 

 Break a stick of length one at a random place. Break each of the remaining sticks again at a random position. This 

is repeated. When this process is repeated many times, the lengths of the remaining fragments follow a "power-law 

distribution.” This mechanism is thought to be a mechanism for the distribution of meteorite sizes and the distribution 

of populations of species living in a particular area[22][23]. 

 

2-3 Long tail distribution other than power-law distribution 

◇ Long tail distribution 

 The power-law distribution is a long-tail distribution. To understand the meaning of "long tail," please refer to 

Figure III-2-6. Figer A shows the normal distribution and the power-law distribution side by side. At first glance, the 

power-law distribution appears to be rapidly decreasing, while the normal distribution appears to be slowly falling. 

However, figure B is the one that is enlarged after x=1000. This figure shows that the power-law distribution 

decreases more slowly than the normal distribution. This figure shows that the power-law distribution decreases more 

slowly than the normal distribution when x is large (the tail). Such a distribution that decreases gradually at the tail 

of the distribution is called a "long tail distribution. 

 

 

 The power-law distribution is not the only distribution with a long tail. Other than the power-law distribution, the 

log-normal distribution, log-logistic distribution, inverse Gaussian distribution, etc., are known as "long tail 

distributions." The probability density functions for each are shown below. 

 

Log-normal distribution 

   It means a random variable such that its logarithm has a normal distribution. 

𝑝(𝑥) =
1

√2𝜋𝜎𝑥
exp(−

(ln𝑥−𝜇)2

2𝜎2
)   .                   (III-2-13) 

 

 



26 

 

Log-logistic distribution 

    𝑝(𝑥) =
exp (−

ln𝑥−𝜇

𝜎
)

𝜎𝑥(1+exp(−
ln𝑥−𝜇

𝜎
))
2 .                                             (III-2-14) 

 

Inverse Gaussian distribution 

𝑝(𝑥) = (
𝜆

2𝜋𝑥3
)

1

2
exp(−

𝜆(𝑥−𝜇)2

2𝜇2𝑥
)  .                                         (III-2-15) 

  These are distributions commonly used in survival time analysis [24][25]. They all have a long tail, but the mean 

and variance are always present, unlike the power-law distribution. Compared to the power-law distribution, the 

probability density function seen in the double-logarithmic graph is characterized by a downward shift from a straight 

line at large x (Figure III-2-7). 

 

 

◇ log-normal distribution 

Among these, the log-normal distribution is typical in complex systems, along with the power-law distribution. 

Kaneko discusses cell division and evolution problems using a mathematical model of chemical reactions of many 

substances as an application of the dynamical system consisting of many elements described in Chapter 1 [26]. In it, 

he states that power-law distributions and log-normal distributions often appear in the results of this model. In general, 

the change in quantity due to a chemical reaction increases roughly in proportion to the product of the amounts of 

each component. He states that this results in a log-normal distribution. This is discussed in a little more detail [27]. 

Suppose that a quantity at time i is represented by Xi. Let Xi be time-varying according to the following equation. 

    𝑋𝑖 = 𝛼𝑖−1𝑋𝑖−1   .                                 (III-2-16)   

Where, 𝛼𝑖−1 is a value (random variable) that varies randomly with time16 . If the first value of this quantity is 𝑋0, 

then the value at time n is 

   𝑋1 = 𝛼0𝑋0       𝑋2 = 𝛼1𝑋1 = 𝛼1𝛼0𝑋0 . 

In the same way 

 

16 Where 𝛼𝑖 is a constant, 𝑋𝑖 is exponentially increasing or decreasing. However, in intracellular 

chemical reactions, 𝛼𝑖 fluctuates with the surrounding environment and is not considered to be constant. 
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𝑋𝑛 = 𝛼𝑛−1𝛼𝑛−2…𝛼0𝑋0 . 

Taking the logarithm of both sides of this equation, 

  ln𝑋𝑛 = ln𝑋0 + ln𝛼𝑛−1 + ln𝛼𝑛−2 +⋯+ ln𝛼0 .                                    (III-2-17)  

ln
𝑋𝑛

𝑋0
= ln𝛼𝑛−1 + ln𝛼𝑛−2 +⋯+ ln𝛼0 .                                           (III-2-18)  

Here, when n is very large, the right-hand side of the above equation has a normal distribution according to the central 

limit theorem. In other words, let the mean of ln 𝛼𝑖 be 𝜇𝑖 and the variance be 𝜎𝑖
2, and put as follows. 

𝑚𝑛 = ∑ 𝜇𝑘    
𝑛−1
0 𝑠𝑛

2 = ∑ 𝜎𝑘
2   𝑛−1

0  . 

Furthermore, let 𝑦𝑛 = ln𝑋𝑛 , then this 𝑦𝑛 has a normal distribution. 

  𝑝(𝑦𝑛)𝑑𝑦𝑛 =
1

𝑠𝑛√2𝜋
exp (−

(𝑦𝑛−𝑚𝑛)
2

2𝑠𝑛
2 )𝑑𝑦𝑛 =

1

𝑠𝑛√2𝜋
exp(−

(𝑦𝑛−𝑚𝑛)
2

2𝑠𝑛
2 )

𝑑𝑦𝑛

𝑑𝑋𝑛
𝑑𝑋𝑛 

                               =
1

𝑠𝑛√2𝜋
exp (−

(ln𝑋𝑛−𝑚𝑛)
2

2𝑠𝑛
2 )

1

𝑋𝑛
𝑑𝑋𝑛 .                                   (III-2-19)  

Eventually, the probability density of 𝑝(𝑋𝑛) of 𝑋𝑛 is as follows.   

𝑝(𝑋𝑛) =
1

𝑠𝑛𝑋𝑛√2𝜋
exp(−

(ln𝑋𝑛−𝑚𝑛)
2

2𝑠𝑛
2 ) .                                      (III-2-20) 

Many power-law distributions or long tail distributions are common in medical care. The mechanisms by which 

they occur are discussed again in Chapter 3. 

 

◇ Truncated power-law distribution 

 Another type of long tail distribution is generated from the power-law distribution. This type of distribution 

approaches zero more rapidly than the power-law distribution where x is significant (Figure III-2-7). The shape of 

the distribution is as follows. 

 

𝑝(𝑥) ∝ 𝑥−𝛼𝐹(𝑥 𝑥0⁄ )                                                   (III-2-21) 

where, 𝐹(𝑥) = {
1                        for 𝑥 < 1
exp(−𝑎𝑥)        for  𝑥 ≥ 1

 . 

α, x0, and a are constants. And α corresponds to the exponential of the power-law distribution. 

 

This truncated power-law distribution is created when we place some restrictions on the mechanism that makes 

the power-law distribution. For example, consider the means of sand-pile collapse. In the sand-pile model, we thought 

of a lattice with N sides. To create a perfect power-law distribution in the sand-pile model, the lattice must have 

infinite sides. In this sense, this model is restricted from the beginning. Figure III-2-8 illustrates this. The figure 

shows the results of simulating a sand pile model with a lattice size of 10 x 10. Figures A, B, and C show the results 

of simulations with 1000, 2000, and 10,000 simulation runs, respectively. The linearity of the frequency distribution 

is well maintained (i.e., the power-law distribution is carried out) until the number of simulations reaches 2000. 

However, in (C), where the number of simulations is 10000, the graph is skewed downward at the larger avalanche 

sizes, and the frequency distribution's linearity is lost. This is because the lattice size of the model is limited to 10, 
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and the results show a truncated power-law distribution. 

 

 

 

  In the urban population model (Figure III-2-4), a truncated power-law distribution is also obtained when the 

restriction is set up. Figure III-2-9 shows the simulation results of the urban population model. Figure (A) shows the 

case without restriction, while (B) shows the case where the number of cities is restricted to 1000. In model (B), once 

the number of cities reaches 1000, new population groups are distributed to existing cities with a probability 

proportional to their population. As can be seen in the figures, the power-law distribution holds in (A), but in (B), the 

graph deviates from the power-law distribution downward at the lower ranks. This also indicates that this is a 

truncated power-law distribution. 

 

 

Other than this, truncated power-law distributions can be obtained if some restrictions are placed on the mechanism 

of the power-law distribution. The example in medical care is discussed again in Chapter 3. The models for generating 

power-law distributions described above are all based on ideal conditions. In the real world, there are almost always 

limitations due to land area, population, and social issues. Therefore, a perfectly formed power-law distribution rarely 

exists. Especially in medical care and social phenomena, there will always be limitations. Therefore, such rules should 
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be taken into account when considering actual applications. 
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Chapter 3: Complexity in Medical Care 

Y. Tachimori 

1. Chaos in living organisms and its analysis 

 Chaos also occurs in dynamical systems consisting of many degrees of freedom. Moreover, the chaos is determined 

by a few degrees of freedom. However, the equations that govern them cannot be found. A living body is a complex 

system consisting of many elements. However, when they interact, some order emerges, which can be described by 

a few degrees of freedom. If so, chaos may exist in the various signal systems of living organisms. That is how chaos 

research on living organisms has been conducted [89]17. 

 Some work needs to be done to determine if time series data is chaotic or to analyze it. Time series data18 are 

generally one-dimensional. As mentioned above, some order is created in a dynamical system with many degrees of 

freedom and can be described with a few degrees of freedom, but even a few are multi-dimensional. To determine 

whether one-dimensional time series data is chaotic, it is first necessary to reproduce the phase space from the time 

series data. We do the following to represent one-dimensional data in an m-dimensional phase space. Let x(k) be the 

original one-dimensional time series data and the delay time τ is introduced to define the m-dimensional points as 

follows. 

  𝑢(𝑘) = (𝑥(𝑘), 𝑥(𝑘 − 𝜏), 𝑥(𝑘 − 2𝜏), … , 𝑥(𝑘 − (𝑚 − 1)𝜏)) .            (III-3-1) 

This is the point corresponding to the state of the original system concerning the observed data. By reproducing this 

point in m-dimensional space, the structure of the original dynamical system can be investigated. Takens' "Embedding 

Theorem" guarantees the correctness of such a method. Please refer to the book [3] for more details on these. By 

embedding the original data in such an m-dimensional phase space, it is possible not only to reproduce the shape of 

the attractor but also to calculate the Lyapunov exponent, the dimension of the attractor, etc.[28][29]. 

 Time series data that exhibit chaos have several characteristics. The first of these is that the power spectrum of the 

data is continuous. The power spectrum19 is simply the relative magnitude of the frequency components. In physical 

terms, it is the energy density of each frequency in electromagnetic and sound waves. For example, a sine wave 

sin (2𝜋𝑓𝑡) consists of just one wave of frequency f. Since the power spectrum of such a wave has only one frequency, 

it has a value only at the point of frequency f (Figure III-3-1a). However, general sound and electromagnetic waves 

consist of the sum of waves of many frequencies. For example, the sound of a musical instrument consists of many 

harmonics in addition to the base frequency. When such waves are expressed as a power spectrum, they consist of 

the base frequency and its overtone components, so values appear in skipping places (Figure III-3-1b). In contrast, 

time-series data such as chaos is represented by continuous parts of its power spectrum rather than bouncing around 

(Figure III-3-1c). 

 

17 Refer to " Chaotic scenarios of complex systems " [2] . 

18 Data changing over time. 

19 The power spectrum is calculated by Fourier transforming time-series data. The Fourier transform is 

performed by a program, and the most frequently used program is called FFT (Fast Fourier transform), 

which is used to calculate Figure III-3-1, etc. 
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 Analysis by power spectrum in medical care has been done for EEG and heart rate (HR) for some time [30]. The 

power spectrum is calculated from time series heart rate data and analyzed by calculating each frequency component. 

Among the frequency components, the high-frequency band (HF) between 0.15 and 0.40 Hz is said to be strongly 

influenced by parasympathetic activity. In comparison, the sympathetic nervous system strongly influences the low-

frequency band (LF) between 0.01 and 0.15 Hz. This comparison of HF and LF can be used to estimate the state of 

activity of the autonomic nervous system. 

 In contrast to this physiological view, Goldberger et al. [31] present an alternative idea. Under normal conditions, 

HR is not temporally constant but constantly fluctuating. In such a case, the power spectrum of HR shows a 

continuous spread. However, when the heart condition deteriorates, such as heart failure, HR fluctuation disappears 

and shows periodic changes or constant values. This was demonstrated by examining the HR of patients with heart 

failure and sudden death. In the language of chaos theory, this means that HR exhibits chaotic fluctuations when 

normal and becomes periodic or fixed in a state of crisis. The conventional view is that the body has homeostasis and 

tries to maintain a constant environment in the body. In contrast, Goldberger stated that fluctuation is normal and 

fixation or periodic motion is abnormal. This was the first time that he gave a positive meaning to fluctuation. At the 

same time, it can be considered to have given physiological significance to the phenomenon of chaos. 

  Another characteristic of time series data that exhibits chaos is that the Lyapunov exponent is positive. One of 

the characteristics of chaos is initial value sensitivity. Initial value sensitivities are the fact that even though they start 

from two similar states, they become very different as time passes. In dynamics terms, no matter how close the two 

initial values are, they move away from each other exponentially as time goes by. In other words, the two orbits move 

away from each other in the form exp(λt) (𝜆 > 0). The average value of λ, which determines the rate at which they 

move away, is called the Lyapunov exponent. If λ is negative, the two orbits will move closer together and become 

virtually identical in the future. However, if λ is positive, the two trajectories will move exponentially apart. Therefore, 

if we can find λ from the time series data [28][29][32], we can determine whether the system is chaotic or not. 
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 Tsuda, Tahara, and Iwanaga analyzed the finger blood flow waveforms by finger plethysmogram. They found that 

the Lyapunov exponent of this time series was positive [33]. A finger plethysmogram is recorded by shining a light 

on the fingertip to determine changes in the blood flow of the fingertip. It is also used in pulse oximeters that measure 

blood oxygenation. A waveform corresponding to the changes in blood flow at the fingertip can be obtained by 

attaching a fingertip pulse meter to the examinee's finger. Tsuda et al. measured the Lyapunov exponent of the finger 

plethysmogram with an instrument developed by Iwanaga et al. As a result, they proved that the finger 

plethysmogram is chaotic. Furthermore, the attractor was reproduced by embedding this waveform in a 4-dimensional 

phase space. Furthermore, Tahara et al.[34][35] found that the Lyapunov exponent and the shape of the attractor 

varied depending on the subject's mental state and showed that it could be applied clinically. 

 Since the publication of Tsuda and others, chaos analysis has been performed on many biological signals [111]. 

Sumita et al. found that changes in pupil diameter were chaotic [36], and chaos analysis was also performed for 

electroencephalography (EEG) and electrocardiography [37]. Since then, chaos in many living organisms has been 

discovered, and chaos is a normal phenomenon in living organisms. Furthermore, based on many findings of 

biological chaos, Tahara et al. view health as "the autonomous formation of relationships through the formation of 

feedback loops between body and mind, and between individuals and society.” From the viewpoint that "the state of 

health is somehow expressed on the surface of the body, which is the boundary between the individual and society," 

they have introduced the idea of "somato-semantic parameters" as an indicator to characterize the state that appears 

on the surface of the body and are trying to utilize it[38 ][39][40]. He states that most of the chaos in the living body 

is derived from the measurement and analysis of somato-semantic parameters such as pulse waves, heart sound, 

electrocardiogram, electroencephalogram, pupil diameter, etc. 

Chaos is also seen in engineering and other fields. Still, its manifestation is often viewed as an uncontrollable 

phenomenon concerning the control of an object, and the problem is how to prevent chaos from occurring in the 

control. However, in the case of living organisms, chaos itself is thought to have significant advantages for the 

organism. Traditionally, the concept of homeostasis has been a major factor in living organisms. The concept was 

regarded as a phenomenon in which various parameters of a living organism are kept constant. However, the 

importance of stability in a constantly changing environment was recognized with the discovery of chaos in living 

organisms. Kaneko, Tsuda, Tahara, and others have proposed a new concept of “Homeodynamics” for such 

phenomena. 

 Clinical applications of finger plethysmograms are also being made[41][42][43][112][115]. They are often for 

mental and behavioral problems[113][114][115]. Finger plethysmograms were originally an analysis of human blood 

flow. The innervation of blood flow is primarily sympathetic and parasympathetic. It is common to assume that the 

human psyche influences blood flow through these innervations. If this is the case, there should be more studies on 

the relationship between innervation and finger plethysmograms, but we do not see many of them. Here, we present 

the results of a preliminary survey conducted when a finger plethysmogram was developed. Since this was a 

preliminary study and not strictly controlled, the reliability of the data obtained is questionable, but the results are 

presented for reference. 

The stellate ganglion block (SGB) is a technique in the pain clinic area. This is a procedure in which a local 

anesthetic is injected near the cervical vertebrae in a person's neck. This temporarily paralyzes the stellate ganglion, 
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one of the sympathetic ganglia. The temporary inactivation of the sympathetic ganglion improves blood flow to the 

face, upper extremities, and other areas innervated by that ganglion. This block is widely used to treat upper body 

pain, facial Bell's palsy, and idiopathic hearing loss. 

 

 

 

 SGB is a block to the sympathetic ganglion, so it naturally affects blood flow to the upper extremity. This would 

also affect finger plethysmograms. Therefore, we examined the changes in finger plethysmograms before and after 

SGB. At the same time, Fourier analysis of heart rate was also performed to see the effects on the systemic autonomic 

nervous system. However, since an electrocardiogram was not recorded, the a-a interval, which correlates strongly 

with the R-R interval of the electrocardiogram, was measured from the second derivative of the finger plethysmogram 

waveform and used as a proxy for the R-R interval [44]. 

  Finger plethysmograms were measured before and after SGB, and the Lyapunov exponent was calculated by 

reconstructing the attractor in 4 dimensions. At the same time, the pre-and post-heart rate (the reciprocal of the a-a 

interval) was Fourier analyzed to obtain the low-frequency component LH (0.02~0.15 Hz) and the high-frequency 

component HF (0.15~0.4 Hz) of the spectrum, and their ratio LF/HF was calculated. 

 Figure III-3-2 illustrates the finger plethysmogram attractors before and after SGB. In this example, it can be seen 

that the Lyapunov number increased after SGB. Figure III-3-3 (A) shows the result of subtracting the pre-block 

Lyapunov number from the post-SGB Lyapunov number. As can be seen in the figure, the SGB often increases the 

Lyapunov exponents of the attractor. The significance test of the difference between the pre-and post-Lyapunov 

exponents showed p=0.06 (two-tailed), which is not significant but does indicate that the stellate ganglion block tends 

to increase the number of Lyapunov. 

 A graph of the difference in LF/HF before and after the block, measured simultaneously, is shown in Figure III-3-

3 (B). It can be seen that LF/HF increased after the block (p=0.003 two-tailed). It is said that the low-frequency 

component of heart rate LF mainly represents sympathetic activity, while the high-frequency component HF mainly 

represents parasympathetic activity. The results of the present study indicate that the block increases the sympathetic 
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activity. The stellate ganglion suppresses local sympathetic ganglion activity. The current results suggest that blocking 

local sympathetic ganglia increases sympathetic ganglion activity throughout the body. However, interpretation of 

these results requires consideration of the effects of SGB, the effects of lying in bed, and the effects of needle insertion. 

In addition, as already mentioned, the data are not very reliable, so it is not yet possible to make a definitive statement. 

As for the Lyapunov exponent, the conclusion has been reached that the block almost always increases it. The 

interpretation of this, unfortunately, cannot be fully explained at this point. 

The physiological significance of changes in finger plethysmograms is so far unclear. Although dynamical 

systems theory may be able to predict the occurrence of chaos in living organisms, the physiological or biological 

significance of this phenomenon has only just begun to be investigated. To investigate the physiological relevance, it 

is not enough to start with dynamical theory; more physiological and medical science research is needed. 

 

 

 Recently, simultaneous measurements of fetal and maternal heart sounds under various conditions, such as mother's 

voice stimuli, others' voice stimuli, no stimuli, etc., have also shown that both are deterministic chaos [45][46][47]. 

This indicates that the heartbeat is both chaotic and altered by external stimuli. There have been few reports on 

changes associated with the interaction of chaos with the environment, so further development is expected. 

  



35 

 

  

2 "Power-law distribution" in medical care 

 Figure III-3-4(A) is a Zipf plot of the frequency of disease names (number of patients with specific disease names) 

in the ophthalmology department of a hospital. The horizontal axis is the rank of disease names ordered by frequency, 

and the vertical axis is the frequency of disease names of that rank. The solid curve is the graph of Y=812/X1.04. The 

solid curve graph agrees well with the bar graph. This suggests that Y=812/X1.04 represents the frequency of disease 

names in ophthalmology. As already mentioned in Chapter 2, when the frequency Y of rank X is expressed as 𝑌 =

𝐴/𝑋𝜁 then this data follows a power-law distribution. The relationship between the power-law exponent α and Zipf 

exponent ζ is 𝛼 =
𝜁+1

𝜁
.  As already mentioned in Chapter 2, the Zipf plot of data following a power-law distribution 

is a straight line when expressed as a double-logarithmic graph, and this ζ can be obtained from the slope of the 

straight line. Figure III-3-4(B) is a double-logarithmic graph of the frequency of disease names for ophthalmology. 

The chart fits the straight line well, indicating that the frequency of ophthalmology diagnoses follows a power-law 

distribution. The slope of the line shows that the ζ of the ophthalmic diagnoses’ distribution is 1.04. Also, the power-

law exponent α = (ζ+1)/ζ = 1.96. As indicated above, the frequency of disease names in ophthalmology almost follows 

the power-law distribution20. The distribution of disease names has been found to follow a power-law distribution, 

not only in ophthalmology[48][49]. The frequency distribution of disease names will be discussed again in Chapter 

4. 

 

 

 

Figures III-3-5 and III-3-6 show the distribution of length of hospital stay in acute and chronic care hospitals. 

There is a peak at 2 or 3 days in hospital stay, followed by a sharp decline, but the number of days does not drop to 

zero, but rather slowly and gradually declines, trailing a long tail. This distribution is also a "long tail distribution. 

Double logarithmic graphs are slightly more convex than the regression line and are similar to the lognormal and 

 

20 To be precise, the frequency distribution of many disease names deviates slightly from the perfect 

power-law distribution. To be more exact, it is a "truncated power-law distribution," which is explained in 

Chapter 2-3. 
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truncated power-law distributions. The mechanism of its occurrence is discussed in Chapter 3-4. Due to this long tail, 

many patients have a longer hospital stay than average21. Interestingly, although the average length of hospital stays 

differs greatly between the acute and chronic phases, both show a long tail distribution. The mechanism of an 

occurrence described below is a "random walk model with drift.” The difference between the acute and chronic 

phases is thought to be mainly a difference in the magnitude of this drift. The difference in the size of the drift appears 

in the difference in the average length of hospital stays, and the random walk mechanism may be responsible for the 

long tail. In any case, the long tail distribution makes it difficult to predict the length of hospital stay, making 

hospitalization management difficult. 

 

 

 

 

 

21 The average length of hospital stay here is the average of the actual length of hospital stay for 

discharged patients. The calculation method is different from the average length of hospital stay specified 

by the Ministry of Health, Labor and Welfare. 
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In the diagnosis distribution, the power-law exponent α is around 2 (1 in ζ). In the length of hospital stay, the 

power-law exponent is 1.77 for acute care hospitals and 1.24 for convalescent care hospitals, as shown in the figure. 

The fact that the power-law exponent is less than 2 has significant implications, which will be discussed in the 

following section. 

 From the author's research, power-law distributions or "long tail distributions" are not uncommon in medical care. 

Table III-3-1 lists events in medical care that exhibit long tail distribution. The events marked with a "?” in the table 

are only estimates due to insufficient data. However, given the occasional occurrence of significant bleeding during 

surgery and the failure of many hospitals to control operating time, it is reasonable to speculate that these distributions 

are "power-law distributions" or "long tail distributions. 

   

 

 

3 Impact of long tail distribution on medical care 

3-1 Abnormal values are not rare. 

 Long tail distributions have extraordinary characteristics for those accustomed to normal distributions. I will 

explain these characteristics in two parts: 1) outliers are not rare, and 2) the mean is not helpful. The following 

explanation is given as a pure "power-law distribution. As for the "long tail distribution" in general, please read words 

such as infinite and "huge value" to understand. 

 

 First, outliers are not rare or can be described as "rare but often occur." Let us discuss this using the example of 

the frequency distribution of disease names. 

Figure III-3-7 (A) shows the frequency distribution of disease names in a hospital. The outliers are those in the tail 

marked with    in this figure. The very long tail is a characteristic of the power-law distribution. Figure III-3-7 (B) 

shows the power-law distribution superimposed on the normal distribution. The normal distribution shows only the 

right half of the symmetrical distribution. As can be seen from the figure, "the power-law distribution decreases 

rapidly in the small part of x (abscissa) but decreases more slowly than the normal distribution as x increases. 
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Therefore, positive values persist even in the tail, which would be almost zero in a normal distribution. 

 

  

Let us consider the impact of this using the example of disease naming. Figure III-3-8 shows the frequency 

distribution of disease names in Figure III-3-7 (A), rewritten as cumulative percentages. That is, the value of the 

graph at rank x is the sum of all the frequencies of ranks from 1 to x in Figure III-3-7 (A). In other words, the value 

at rank x represents the total number of patients who can be named using all the disease names from rank 1 to x (but 

expressed as a percentage of the total number of patients in the graph). 

 

 

 

 As seen in this figure, about 100 disease names can be used to label about 70% of all patients (tens of thousands 

of patients in this data). When looking at this figure, one might think, "It would only take a few hundred disease 

names to label everyone. However, the graph shows that this expectation is not valid. With 500 disease names, 90% 

of patients can be labeled. At 1,000, it is 95%, and after that, the increase in the graph becomes slower and slower. In 

the end, with this data, it would take thousands of disease names to label all patients. Contrary to initial expectations, 

it would not be easy to label everyone. 

There is an ordering system in the hospital order entry system or electronic medical record called a disease name 

order. This is an order in which the physician enters the name of the patient's disease into the computer each time 

they examine the patient. The disease names are then entered into the medical record system and used for receipts 

and other purposes. If disease names are entered in free form, it is inconvenient to use the data later, so storing them 
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in disease name codes is necessary. For this reason, in the past, a disease name master was created for each hospital.22  

When creating this master, the following procedure is used. First, prepare several disease names (thousands of them). 

At that point, when the system starts to operate, some disease names will be missing, so each year, those disease 

names will be added to the master. This process is repeated every year. The expectation is that if this process is 

repeated every year, the number of disease names to be added will decrease, and after a few years, there will be little 

need to add new disease names. However, what happened was as follows. 

1) The exact number of disease names must be added to the disease master each year. 

2) Many of the added disease names are never used again. 

This phenomenon can be explained if the frequency distribution of disease names is a power-law 

distribution[50][51]. Figure III-3-9 shows a graph of the power-law distribution, Y=A/X (A=15 in the figure). The 

chart, A/X, generally has a decimal when X is varied. The actual frequency of disease names is an integer without a 

decimal. Therefore, as shown in the graph, the precise frequency is an integer obtained by truncating the decimal 

point of the value of A/X. Also, since the frequency must be greater than or equal to 1, the range A/X<1 is meaningless. 

Ultimately, this graph only makes sense in the range of X from 1 to 15. Adding up the frequencies of disease names 

in this range yields 45. This means that if the frequency of disease names follows the graph of 15/X, we can label 45 

patients with 15 different disease names. In the same way, if we set A to 30, we can label 111 patients with 30 different 

disease names. In other words, 40 disease names are needed to label 111 patients. Thus, the frequency of disease 

name distribution can be used to estimate the number of names needed to label patients. We then examined how the 

number of required disease names changes when A is larger and larger. 

   

 

 

 

22 Currently, the organization MEDS-DC provides a standard disease name master. Therefore, the 

discussion here may not already apply. We would like the discussion below to be read as an increase in 

new disease names within the ordering process. However, while this may not happen in each hospital, the 

same problem may occur when the standard disease name master is created, and it may be necessary to 

continue updating the standard disease name master indefinitely. 
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Figure III-3-10 shows the number of disease names required, as determined in this way. The horizontal axis 

indicates the number of patients who need to be labeled. The vertical axis shows how many disease names are required 

to label those patients. As can be seen from the graph, the number of disease names required increases forever as the 

number of patients increases. The number of necessary disease names increases indefinitely as the number of patients 

increases. 

Let us do the same calculation if the frequency of disease names distribution has a normal distribution. Figure III-

3-11 shows a schematic diagram of the case where the frequency of disease names is normal (the right half of the 

normal distribution is used). The number of disease names required for the total number of patients can be calculated 

using the same idea. The figure shows that the number of necessary disease names is 5 for patients 44. 

Figure III-3-12 plots the number of required disease names against the total number of patients, assuming the 

distribution of disease names is normal. This figure shows that the number of necessary disease names does not 

increase above a particular value even if the number of patients increases. With such a distribution, if a certain number 

of disease names are prepared in advance, the names not included in it are exceptional and can be ignored or 

excluded23. Figure III-3-13 shows the results of calculating the change in the number of required disease names when 

the frequency of disease names is assumed to have a power-law distribution and when it is assumed to have an 

exponential distribution. In the exponential distribution, as in the normal distribution, the number of required disease 

names does not increase above a specific value. The number of necessary disease names increases rapidly because 

the power-law distribution has a longer tail (outlier) than the normal distribution, and outlier values are not rare. This 

is precisely what is meant by the feeling one gets from experience that many of the added disease names are never 

used again. 

The sense that "outliers are not uncommon" is also obtained from other clinical experiences. The rare and 

unpredictable occurrence of significant bleeding during surgery is a phenomenon experienced by many medical care 

providers involved in surgery. Other phenomena, such as the occasional abnormally long operation time and the 

number of variances in the critical path does not decrease, can also be thought of as "outliers are not uncommon. 

 

 

23 The number of required disease names can be calculated theoretically (Figure III-3-13). See Appendix 

III-5 for the calculation formula. 
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3-2 Mean value does not exist. 

The second characteristic, "no mean value," is illustrated using the distribution of hospitalization lengths as an 

example. We have already mentioned that the length of hospital stay has a long tail distribution similar to a power-

law distribution. Let us consider what happens if we assume the distribution is a power-law distribution. The mean 

length of hospital stay can be calculated from the distribution, but as we will see in a moment if the power-law 

exponent is less than 2, the mean is divergent (infinite). Also, the variance diverges if the power-law exponent is 

less than 324. Thus, if the power-law exponent is less than 2, the mean and the variance of the length of hospital stay 

diverge. Mathematically, this is all good, but how should we interpret the divergence in the length of hospital stay? 

This point is explained below. 

 

 

Suppose 45 patients are admitted to the hospital, and their length of hospital stay distribution follows A/X. In this 

case, it is possible to calculate the average length of hospital stays. The distribution of length of hospital stay is like 

Figure III-3-9 with A=1525.  In this case, the average length of hospital stays is  

(15(person)×1(day)+7×2+5×3+...+1×15)/45(person)=4.2(days). Similarly, if A=30, the number of hospitalized 

patients would be 111, and the average length of hospital stays can be 6.86 days. The average length of hospital 

stays increased from 4.2 to 6.86 days. Figure III-3-14 shows the results of calculating the average length of hospital 

stays when the number of hospitalized patients increases similarly. The figure shows the relationship between the 

 

24 In the case of a power-law distribution, the mean is calculated as follows. 
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n  . This equation is ∞ if α ≤ 2. Variance can be calculated in the 

same way. 

25 In Figure III-3-9, the horizontal axis is read as the length of hospital stay and the vertical axis as the 

number of persons in that length of hospital stay. 
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number of hospitalized patients and the average and maximum length of hospital stays. It is clear from the figure 

that as the number of patients increases, both the average and maximum lengths of hospital stays increase. This 

increase will not stop forever. The average length of hospital stays increases wherever the number of patients 

increases. This is what the divergence (infinity) of the average length of hospital stays means. 

Incidentally, Figure III-3-15 shows the change in the average length of hospital stays when the length of hospital 

stay is assumed to have an exponential distribution26, in which case the average length of hospital stays remains 

constant even as the number of patients increases. The same is true for a normal distribution. 

 

 

Thus, the practical meaning of the divergence in the average length of hospital stays is that the average value 

increases as the number of patients (or observation time) considered increases. Of course, such a mean that varies 

with the size of the population would not be usable as an indicator of the population. 

Secondly, the variance divergence means the data's variability will be significant. Even if there exists a mean value 

(2<α≤3), the variation in the length of hospital stay for each patient will be too large to use the mean as an indicator 

of the population27.  Outliers would need to be discarded to force it to be used as an indicator. For example, it would 

be necessary to discharge long-term hospitalized patients. Currently, hospitals are under pressure to reduce the length 

of hospital stay. This is a natural consequence of the nature of the power-law distribution. 

Whether the length of hospital stay has a power-law distribution is fundamental in medical care economics. 

Recently, a patient classification method called DRG (Diagnosis Related Group) has been developed as a medical 

care management tool [52]. DRG is a classification method for hospitalized patients. DRG is a method of classifying 

hospitalized patients into approximately 500 categories based on disease names and other indicators. This 

classification method is based on the property that "patients in the same category are similar in the amount of medical 

care resources they require, such as length of hospital stay, medical supplies, and human resources.” The amount of 

medical care resources used is related to the cost of treatment. Classifying patients into DRGs makes it possible to 

predict the amount of medical care resources used and their costs during hospitalization. This property is used for the 

 

26 Exponential distribution is the distribution expressed by the formula 𝑌 = 𝐴𝑒−𝑎𝑋. The properties of the 

distribution discussed in this section are similar to those of the normal distribution. 

27 Not only the mean, but other statistical indicators such as the median cannot be used as well. 
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flat-rate payment system for medical care of each DRG (DRG/PPS: Diagnosis Related Group - Prospective Payment 

System), hospital quality and cost management, etc. 

However, for such a classification to be possible, resource use must have a normal distribution or at least a finite 

variance. If this assumption is invalid, then the DRG classification and its applications, such as the Diagnosis 

Procedure Combination (DPC) method itself, are invalid. This result is significant. Length of hospital stay is one of 

the most essential medical care resources for hospitalized patients, and a power-law distribution with an exponent of 

2 or less will cause the variance and the mean to diverge. This indicates that the very premise of the DRG 

classification may break down. In fact, the length of hospital stay is not a power-law distribution in the strict sense. 

The tail is shorter than the power-law distribution (see Chapter 2-2). However, the mean and variance are still 

significant, so the interpretation described here would not be so wrong. 
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4 Causes of power-law distribution in medical care. 

4-1 Three types of power-law distributions in medical care. 

As we saw in the previous section, power-law distributions profoundly impact medical care. The issue of power-

law distributions or "long tail distributions" in medical care cannot be avoided when considering medical policy and 

management. Investigating why power-law distributions occur in medical care is not merely a matter of interest. 

Once the mechanisms are understood, it will be possible to understand the possibilities of controlling and dealing 

with such power-law distributions. 

 The general causes of power-law distributions, including physical phenomena, have already been discussed in 

Chapters 2-2. Here, we briefly describe a theory that may help consider the causes of power-law distributions in 

medical care. The power-law distributions observed in medical care can be classified into three major types. The first 

is the frequency distribution of categories, such as the frequency of disease names and the frequency of surgical 

procedures. The second is the volume distribution, such as blood loss during surgery. The third is related to time 

distributions, such as length of hospital stay, duration of surgery, and time to recovery from illness. These properties 

are quite different, and the possible mechanisms are likely to be different as well. Since the frequency distribution of 

disease names will be discussed again in Chapter 4, we will consider the length of hospital stay distribution and the 

distribution of blood loss during surgery. 

 

4-2 Distribution of length of hospital stay. 

  As mentioned in Chapter 3-2, the length of hospital stay distribution has a long tail distribution. It is generally said 

to have a lognormal distribution [24]. As can be seen from Figure III-3-5, both logarithmic graphs are slightly convex 

upward compared to the regression line. From this, it is said that the length of hospital stay distribution may be a 

lognormal distribution[53] (see Chapter 3-2). However, the cause of its formation is not clear. 

The length of hospital stay is included in survival time analysis in a broad sense [25]. In medical science, it is used 

to test whether there is a difference in survival time between treated and untreated groups to see the effect of treatment. 

The survival time distributions assumed include exponential distribution, log-logistic distribution, log-normal 

distribution, and inverse Gaussian distribution. The lognormal and inverse Gaussian distributions are the best models 

for the length of hospital stay based on comparing data and these distributions. Whitmore has shown that the length 

of hospital stay follows an inverse Gaussian distribution using a 1-dimensional random walk model with a positive 

drift term [55]. 

Before considering the model with a Drift term, let us consider the random walk model. In this model, the patient's 

daily health status is represented by a single integer S. The health status at the time of admission is 0 and randomly 

changes by +1 or -1 each day. The patient is discharged from the hospital on the first day the health status S reaches 

a specific value z(>0). The model can be expressed formally as follows. 

 

◇ Random walk model of length of hospital stays. 

Consider the state variable S(n) as the patient's state at date n. 

The patient is assumed to be in state 0 on admission. The discharge decision is made when the state reaches 

z (>0). 
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The state changes randomly each day, only improving (+1) or worsening (-1). That is, the following equation 

represents it. 

𝑆(𝑛 + 1) = 𝑆(𝑛) + 𝑋𝑛 .                      (III-3-2) 

𝑋𝑛 = {
+1                          probability   𝑝
−1            probability  𝑞 = 1 − 𝑝

    . 

 The length of hospital stay is defined as the time n when S(n) = z. 

 

For the above simple model, the probability 𝑤𝑧,𝑛 that the length of hospital stay is n can be calculated theoretically 

and is as follows [20]. 

  𝑤𝑧,𝑛 =
𝑧

𝑛
(
𝑛
1

2
(𝑛 − 𝑧))𝑝

1

2
(𝑛−𝑧)𝑞

1

2
(𝑛+𝑧)        where, (

𝑛
𝑥
) is the binomial coefficients .     (III-3-3) 

If 𝑝 ≠ 𝑞 and n is large, equation III-3-3 asymptotically follows28  

𝑤𝑧,𝑛 ≈ 𝐶 (
𝑛−𝑧

2
)
−
3

2
𝑏
−(
𝑛−𝑧

2
)
       𝐶 =

𝑧(2𝑞)𝑧

2√𝜋
 𝑏 =

1

4𝑝𝑞
> 1 .               (III-3-4) 

Equation III-3-4 is a distribution that is a mixture of an exponential distribution and a power-law distribution. Where 

n is relatively small, it exhibits power-law distribution-like behavior and behavior similar to an exponential 

distribution in regions where n is large. In other words, this is the "truncated power-law distribution" described in 

Chapter 2. Therefore, it is possible to consider this model as one of the lengths of hospital stay models. However, we 

have not found any papers considering the length of hospital stay as a "truncated power-law distribution.” 

The asymptotic distribution for p=q is as follows. 

    𝑤𝑧,𝑛 ≈
𝑧

2√𝜋
(
𝑛−𝑧

2
)
−
3

2
 .                           (III-3-5) 

This is a power-law distribution with an exponent 1.5. This exponent of 1.5 is an exciting number. According to actual 

data from hospitalization distributions [56], many exponents fall between 1 and 2. This indicates that the model has 

some validity. However, a slight variation of this model yields Whitmore's one-dimensional random walk model with 

a drift term[24][55]. 

 The model is obtained by adding a positive drift term to the above random walk model. In essence, the idea is that 

the patient's condition improves at a constant rate due to treatment and other factors. The model is Equation III-3-2 

with a constant positive γ (a positive integer). In other words, 

𝑆(𝑛 + 1) = 𝑆(𝑛) + 𝑋𝑛 + 𝛾  .                           (III-3-6) 

If the random term 𝑋𝑛 is absent, the length of hospital stay will always be 
𝑧

𝛾
. This is the model that the length of 

hospital stay varies with random fluctuations in the state. The distribution of this model is inverse Gaussian. 

   An inverse Gaussian distribution means that if the length of hospital stay is x (a real number), its probability 

density is expressed by the following equation using the above z and γ. 

 

 28𝑓(𝑛) ≈ 𝑔(𝑛) (asymptotically equal) is when 
𝑓(𝑛)

𝑔(𝑛) 𝑛→∞
→    𝑐  (0 < 𝑐 < ∞) . 
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𝑝(𝑥) =
𝑧∙𝑒𝑥𝑝(𝑧𝛾)

√2𝜋
𝑥−3/2 exp (−

1

2
(𝛾2𝑥 + 𝑧2/𝑥))      (III-3-7) 

The mean value is z/γ. Figure III-3-16 shows the density function of the inverse Gaussian distribution. Both 

logarithmic graphs are convex at the top and shift downward from the straight line at the long tail. 

  

 

The three long tail distributions already mentioned, i.e., log-logistic, log-normal, and inverse Gaussian, are 

similar in shape, and it is difficult to distinguish between the three from actual data. It seems that which distribution 

to adopt depends on the purpose and convenience of use. However, as a criterion for determining which distribution 

is correct, the validity of the model in which the distribution appears should also be considered. 

The distribution of length of hospital stay varies by hospital type. In Japan, hospitals are divided into acute care, 

convalescent care, and long-term care. All the distributions of the length of hospital stay are long-tail distributions. 

When a power-law distribution approximates them, all the power-law exponents are between 1 and 2. When the 

power-law distribution models the length of hospital stay distribution, all hospitals’ distributions are represented by 

a single parameter, the power-law exponent. However, as shown in Kouchi et al.'s paper, the average length of hospital 

stay varies widely among different types of hospitals [56]. If all hospitals’ distribution followed a power-law 

distribution represented by a single parameter, they should all have the same distribution function for more patients. 

However, the data show that this is not the case. This indicates that it is impossible to represent the length of hospital 

stay with only one parameter. All "long tail distributions" besides the power-law distribution described above have 

multiple parameters. If they have various parameters, the different parameters can represent different types of 

hospitals. From this point of view, it seems a bit unreasonable to say that the length of hospital stay is a perfect power-

law distribution. 

 

4-3 Intraoperative blood loss 

 Figure III-3-17 was created from data on blood loss during surgery at a particular hospital. A rough linearity is 

obtained by looking at the double-logarithmic graph of bleeding volume frequency (B). Thus, the bleeding volume 

frequency also appears to be a power-law distribution. However, the frequency graph deviates from the straight line 

downward at the points where the bleeding volume is large. In addition, although data are not shown, the distribution 
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of blood loss varies greatly depending on the type of surgery. In minor surgeries such as thyroid surgery, blood loss 

is usually several dozen to 100 ml. In contrast, stomach surgery usually several hundred milliliters, and esophageal 

cancer and liver surgery are not uncommon to lose several liters. If all bleeding volumes could be expressed in a 

single power-law distribution, thousands of thyroid surgeries could result in several liters of blood loss. From 

experience, that is hardly possible. Given this, it is difficult to explain the amount of blood loss with a single power-

law distribution. There must be different distributions for each type of surgery. Moreover, a sharp drop in frequency 

distribution, such as the "truncated power-law distribution," is needed where blood loss is significant. 

By the way, blood vessels, the source of bleeding, have a very complex branching morphology. Such forms 

cannot be represented by simple geometry. Recently, fractal geometry has been developed to represent such 

forms[4][5]. Many papers have been published showing that the vascular system is fractal[57][58][59][60][61]. And 

Takayasu has created a model for such fractal flow rates [62]. 

 

 

   

Takayasu's model is as follows. 

There is a particle of integer mass placed on a one-dimensional lattice. In discrete time, these particles 

aggregate in a random walk. Formally, it is defined as follows. 

(1) There is a particle at every site of the lattice. 

(2) They jump to the right site with a probability of 0.5 each time and stay at the original site with a 

probability of 0.5. 

(3) After jumping, if two or more particles collide, they come together to form a larger particle. 

(4) A unit particle is then added to every site. If a particle of size n exists in that site, it will be n+1. 

Then, repeat steps (2) through (4) (Figure III-3-18). 
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  In this model, after a sufficiently long time, the mass s of each site particle has a power-law distribution. In other 

words, expressed in terms of the complementary cumulative distribution function (CCDF), it becomes 𝑃(𝑠 ≥ 𝑥) ∝

1/𝑥𝛽. Here, β is about 0.331. For the power-law exponent α in the case of the ordinary probability density function, 

𝛼 = 𝛽 + 1, so α is about 1.331. If we change the probability of jumping to the left or right in various ways, 𝛽 = 𝛼 −

1 ≅ 1/3~1/2. 

 The model can be viewed differently to arrive at the idea of a distribution of flow rates at each point of the river. 

Consider a one-dimensional site as a grid point in a two-dimensional plane. Consider each grid point as a water source 

spewing at a flow rate of 1. Consider a point (x, y). From this point, a flow occurs. Assume that at the next time (t+1), 

this flow will flow to either the straight or right point, i.e., (x,y+1) or (x+1,y+1)29.  If, at the new point, it merges 

with another stream, the two flows are combined, plus the flow spewing at that point. If there is no merging, the water 

jet from that point is taken into the flow. At a point that does not flow in from anywhere, a new flow occurs at t+1. 

Thus, a flow diagram can be drawn. 

  

 

 

29 To be precise, it is not left or right, but either straight or right (x+1). The reason why it "does not flow 

to the left" is that if it flows to the left, water from an adjacent source will intersect it if it flows to the 

right. 
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 For example, the bold lines from the starting point of A to B in Figure III-3-19 can be seen as a diagram of the 

river flowing into B. Figure III-3-20 is a redrawn version of this section. In this figure, the river is surrounded by a 

dotted line. This area is the watershed of the river. 

Another way to look at this figure is to see it as a confluence of many tributaries. In Takayasu's model, in river 

terms, mass is the flow rate at a given point. When two branches merge, the flow at the confluence is the sum of the 

flows of their respective tributaries. Ultimately, the flow at issue is the sum of the flows of all branches upstream 

from that point. This is equal to the area of the watershed upstream from the end (or, more precisely, the sum of all 

the water gushing out in that watershed). The interpretation of the model's results is that this flow has a "power-law 

distribution. The area of a watershed depends on the geometrical properties of the river. Takayasu's model can be 

paraphrased as "if a fractal figure represents a river, then the area of its watershed follows a power-law distribution.” 

 Takayasu's theory is in its simplest form for rivers. This theory has been applied to more complex actual rivers by 

Rodríguez-Iturbe and others [63]. Let us briefly discuss the conclusions of that theory. Figure III-3-21 is a schematic 

diagram of part of a river map in Osaka Prefecture. A complicated branching diagram like this river is generally called 

a fractal. Please refer to References [4][5] for details, but a fractal is a figure in which the dimension of the figure is 

a number with a decimal point. Conventional geometric figures have integer dimensions. Straight lines and curves 

are one-dimensional, ordinary plane figures are two-dimensional, and three-dimensional figures are usually three-

dimensional. However, complex winding lines, such as mountain ridges in nature, typically have a dimension 

represented by a decimal greater than one and less than two. The shapes of clouds, rivers, and coastlines in nature are 

said to be fractals. Attractors in chaos are also fractals. 
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 Rodríguez-Iturbe et al. [63] extended Takayasu's theory to derive the relationship between the fractal dimension 

of a river and the power-law exponent in Takayasu's theory. They conclude the following by using actual river maps 

and theoretical considerations. 

(1) Actual rivers are also considered fractal. 

(2) The fractal dimension D of a river can be estimated from a photograph of an actual river. 

(3) There is a relationship β≃0.5/D between this D and the (CCDF) power-law exponent β. 

The fractal dimension obtained from the river photo was D≃1.1. We ended up with β≃0.5/D≃0.4545 (α≃1.4545), 

agreeing with the measured value of 0.43. 

 

 If rivers are fractal, assuming that the vascular system would also be fractal is natural. Indeed, many papers have 

discussed fractal structures in living organisms[57][59][60][61][64]. Among them, the fractal nature of blood vessels 

has also been discussed. If the vascular system is fractal, Takayasu's theory could be adapted to blood flow. Since 

bleeding is a rupture of a blood vessel, it would be proportional to the flow rate at the location of the fracture. 

Therefore, Takayasu's theory can be used to consider the distribution of bleeding volume. However, when applying 

Takayasu's theory to bleeding volume, it is necessary to consider the lattice size in Takayasu's approach, which is not 

clearly stated in Takayasu's view. Still, there is an implicit understanding that the lattice size is infinite. When the 
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lattice size is infinite, the blood flow distribution shows a perfect power-law distribution. However, when the lattice 

size is finite, the "truncated power-law distribution" described in Chapter 2 occurs. Simulations of the Takayasu 

model with a finite lattice size show that the frequency distribution approaches zero earlier than the power-law 

distribution in the tail (Figure III-3-22). 

 As can be seen from the figure, a finite lattice size results in a truncated power-law distribution with a steep 

decrease in the more significant portions of the distribution compared to the power-law distribution. This is consistent 

with the actual hemorrhage distribution being more convex on top than the power-law distribution, and changing the 

grid size results in different amounts of bleeding at the points that deviate from the power-law distribution. This 

indicates the possibility of obtaining other distributions for different types of surgeries and increasing the lattice size 

results in a hemorrhage model for extensive surgeries. By making the lattice size correspond to the scope of the 

surgery, it may be possible to explain the differences in the bleeding distribution for different types of surgeries. 
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Chapter 4: The Nature of Complexity in Medical Care 

Y. Tachimori 

1. Distribution of diseases 

  As mentioned in Chapter 3-2, the frequency distribution of disease names satisfies Zipf's law. Let us discuss it 

in more detail. Several studies have examined disease name distribution [48][49]. In all studies, the frequency 

distribution of disease names satisfies Zipf's law. 

Figure III-4-1(A) is a Zipf plot of disease names in internal medicine at one acute care general hospital. When the 

disease names are listed in order of frequency, the rank is plotted on the x-axis and the frequency on the y-axis. The 

figure is presented as a double-logarithmic graph. As you can see from the figure, the chart fits well on a straight line 

at the tail ( the data are served well by regression lines .). In other words, the distribution of disease names follows 

Zipf's law (power-law distribution). Figure III-4-1(B) is a Zipf plot for ophthalmology. This plot also follows a power-

law distribution. Moreover, the curve rides on a straight line better here. 

 Figures (A) and (B) in Figure III-4-1 are Zipf plots when the disease name is freely written in Japanese. In contrast, 

(C) and (D) show the frequency distribution for the same hospital (disease) when the disease name is coded in ICD-

1030,31 [49]. The data are also fitted well by regression lines. In internal medicine and ophthalmology, the slope of 

the graph is larger for ICD codes than for freely written names, and the deviation from the straight line tends to be 

more prominent in the areas where the ranks are more minor. 

 

 

 

30 International Statistical Classification of Diseases and Related Health Problems [65]. 

31 However, (C) and (D) are from a different period than (A) and (B). 
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Frequency distributions were also examined for the other departments, showing good fits to the straight lines on 

both logarithmic graphs. However, there is a tendency to deviate from the regression line in the areas with high 

rankings. Table III-4-1 summarizes the frequency of disease names freely written in Japanese and coded in ICD-10 

for each department. The Zipf plots for all the departments fit the regression line well. For the frequency of disease 

names freely written in Japanese, the Zipf exponent ζ is around 1 for all departments, while for ICD codes, the Zipf 

exponent tends to be larger than that of freely written in Japanese. In addition to each department, we examined each 

doctor, and all satisfied Zipf's law32. 

 

 

The set of disease names diagnosed by each physician, when collected for the entire department, equals the set of 

disease names aggregated for each department. Also, if all the disease names aggregated by the department are 

collected, it becomes the total disease name set of the hospital. The fact that these all obey Zipf's law suggests that 

merging two sets that obey Zipf's law (let's call this the Zipf's set) will create the Zipf set again. 

Let us illustrate this with a simple example. Suppose we have two sets of the same size with no common disease 

names at all, each obeying Zipf's law (Zipf's exponent = 1) (for example, two sets of disease names from two 

departments with few common disease names, such as ophthalmology and urology, are close to this condition). Let 

N be the number of disease names in each set; if the two groups are merged, the number of disease names becomes 

2N. If the two sets have the same frequency distribution and no two sets have the same disease names, the disease 

name with the nth frequency of one group will have the 2nth (let K denote this) or (2n-1)th frequency in the merged 

set. The frequency is 1/n. The Kth frequency of the disease names YK is YK =Y2n =1/n=2/2n=2/K=Y2n-1 =YK-1. 

Therefore, it follows Zipf's law asymptotically with the same Zipf exponent at large K. However, at small K, it 

deviates from Zipf's law. Figure III-4-2 displays the graph of the case of the five sets together that do not contain the 

common disease name. At the low ranks (large K), the frequencies indeed asymptote to a straight line. However, at 

the low ranks (small K), they deviate from the expected straight line, and the frequencies become smaller. 

 

32 As already mentioned many times, the relationship between the power-law exponent α and the Zipf 

exponent ζ is α=(ζ+1)/ζ . 
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The above example shows that when several Zipf sets are merged, the frequencies asymptotically follow Zipf's 

law. However, where the frequency is significant, it deviates from Zipf's law. In the actual set of disease names, the 

data points are smaller than the expected straight line at high frequencies. This suggests that the set of disease names 

analyzed in this study (total disease names, departmental disease names, and physician names) may be a merged set 

of more minor disease name sets that follow Zipf's law. 

The second characteristic of the data is that the value of the Zipf exponent for the coded group of disease names is 

more significant than that of the Zips exponent for the freely written group. Let us consider the influence of coding 

as the cause of this difference. Compared to the coded group, when disease names are freely written in Japanese, 

multiple names are given to the same disease.33  This leads to a greater variety of disease names. In other words, 

coding has the effect of combining various disease names into a single disease name. Conversely, a single coded 

disease name is broken down into numerous, more subdivided disease names freely written in Japanese. In this case, 

we consider how the frequency distribution of disease names changes when the new classification is used. First, 

assume that a code disease is divided into a certain number of disease names and that the frequency of disease names 

is equal. In this case, the new set of disease names still forms a Zipf set, but ζ does not change. This can also be 

shown by merging two non-overlapping Zipf sets, producing a Zipf set with the same ζ. 

Next, let us assume that the individual disease name sets created by decomposing a single disease name are also a 

Zipf set. Although it is unclear why word distributions such as sentences follow Zipf's law, the act of free choice 

among many notations for the same meaning may lead to this distribution. In this sense, it is quite possible that the 

same principle is at work in the free reminder of disease names and that they follow the Zipf distribution. 

Consider a set of disease names in code notation. The frequency of disease names with the xth frequency (Fx ) is 

expressed as follows (where [] denotes rounding down to the nearest integer). 

 

 

33 For example, the disease name gastric cancer is differently expressed as gastric cancer, stomach cancer, 

gastric carcinoma, etc. 
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Let us assume that each disease name is decomposed into several disease names and that the decomposed disease 

name set again has a Zipf distribution where the Zipf exponential distribution ζ is 1. The frequency of xth disease 

names is Fx, so let us assume this is decomposed into n disease names. 

Then, the following equation holds. 
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Determine a hypothetical B, n such that this is satisfied as follows. 

Suppose the minimum frequency of disease names is 1, so B/n=1. 

Substituting B=n into (III-4-2) yields the following equation. 
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Then, n is determined so that the following conditions are satisfied. 

     nlog(n)≤Fx <(n+1)log(n+1). 

Next, find s satisfying the following equation. 


= 








+







=

s

j

x
j

n
F

1

1 .                   (III-4-4) 

 

In this way, the xth disease name is decomposed into s disease names. 

When this was done, we used simulations to determine the frequency distribution. In the simulation, we used data 

such that F1 =A=10000 in equation (III-4-1). In this case, the Zipf exponent of the original set of disease names is 

0.97. When each disease name was broken down into multiple names using the method described above, the number 

of disease name species was 19686, and ζ = 0.67. 

Thus, when each disease name set is decomposed into disease name sets with a Zipf distribution, a Zipf set with a 

smaller Zipf exponent is obtained. Conversely, the coding of disease names is the reverse of the above process and 

can be thought of as grouping a group of disease names that follow Zipf's law and treating them as a single disease 

name. If coding has such an effect, the Zipf exponent is expected to increase due to coding. 

Actual data further examined this. The disease codes used in this study are six-digit, consisting of a two-digit code 

added to the original four-digit ICD code to accommodate more detailed classification. We then examined what 

happens when disease names are distinguished using only 4-digit codes out of the 6-digit codes. The result was the 

same Zipf set, but the Zipf exponent was more prominent for the 4-digit disease name set. This proves the correctness 

of the above assumption. 

There was a significant deviation from Zipf's law for the internal medicine disease name set and the total disease 

name set in the analysis of code disease names. Let us examine the reasons for this deviation. First, internal medicine 
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includes more disease names than other departments. This indicates that internal medicine disease names are a merged 

set of more basic disease names. As mentioned above, combining Zipf sets with no common parts asymptotically 

follows Zipf's law, but at high frequency, the frequency deviates from the straight line. In internal medicine, there is 

a possibility that many set mergers occur, and therefore, the frequency deviates from the straight line at high frequency. 

The same thing could be expected to happen with total disease. Another possibility is a saturation of disease names. 

With disease names by code, the number of disease names is limited to the number of codes registered. The master 

data of disease names used in this study has about 12,000 disease names registered. As the number of disease names 

assigned to patients increases and approaches the upper limit of the number of disease names on this master, there is 

a possibility of disease name saturation and a deviation from Zipf's law. In the case of total disease names, the number 

of disease names exceeds 3200, which may have had this effect. 

In this study, the disease name set was subdivided by department, physician, and ICD-10 code, and Zipf sets were 

obtained for all these sets. The fact that Zipf's law holds for all these different classification criteria and that the sum 

of Zipf's sets again asymptotically follows Zipf's law suggests that Zipf's law may hold at a smaller set level than the 

classification set in this analysis. If this is the case, then all the classifying sets in this analysis are represented by the 

sum of these elemental Zipf sets, which are, of course, Zipf sets again. To prove the existence of such a basic set, it 

is necessary to construct and analyze a model using a constructivist method that shows how the set of disease names 

is created. 

 

 

 The results discussed so far are for general or internal medicine hospitals that treat many illnesses. The 

distribution of disease names in specialized hospitals with only certain patients or in more specialized hospitals such 

as university hospitals may differ. Therefore, we examined the distribution of disease names in hospitals specializing 

in thyroid diseases. The results are shown in Figure III-4-3. Figure (A) shows the frequency distribution of disease 

names freely written in Japanese, and (B) shows the frequency distribution of ICD codes associated with the same 

data. The Zipf exponent in graph (A) is 2.09, and that in graph (B) is 2.5. As in the case of the general hospital, the 

Zipf exponent for ICD codes is more prominent. However, both Zipf exponents are more significant than the general 
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hospital's. Each patient usually has more than one disease, and the data from the general hospital counts the number 

of diseases when a patient has more than one disease. Patients coming to a specialized hospital may have multiple 

illnesses, but only diseases treated by that hospital may be registered. Therefore, the same phenomenon as coding 

may have occurred, resulting in a more prominent Zipf exponent. 

 

2. Disease naming depends on context 

The names of diseases are not all parallel to each other. Some disease names are strongly related to each other, 

while others are not so related. For example, a patient with common cold symptoms might have a common cold, 

upper respiratory infection, acute rhinitis, acute pharyngitis, acute bronchitis, etc. These names can easily be shifted 

to other diseases. These names are closely related because they can be easily transferred (or mistakenly given) to 

other diseases. However, since it is unlikely that a femur fracture and an upper respiratory tract infection could be 

transmitted, these two disease names could be considered distantly related. Of course, the relationship of two disease 

names to each other, close or distant, depends on the scale at which they are viewed. There are many possible scales, 

such as etiologically close, symptomatically close, close in severity, close in social impact, and so on. When a 

physician examines a patient, which scale they use depends on the situation (initial consultation, special examination, 

hospitalization, social status of the patient, beginning or middle of treatment, etc.). However, it is thought that the 

patient is examined with some scale each time. Depending on their scale at that time, the names of diseases closely 

related to each other may be shifted when making a diagnosis. When disease names with such a close relationship 

are collected, the disease name set may be considered to follow Zipf's law. 

For example, suppose that the name of a disease given to a patient is one of a set of disease names that collect 

close relations to each other. Moreover, due to the ambiguity of the disease name, there may be no absolute standard 

for naming the disease. In such cases, choosing which names to use depends on the physician's free will. This situation 

is the same as selecting words when composing a sentence. Therefore, these disease name sets would follow Zipf's 

law. Such a set is considered to be an elemental set of disease names. 

A disease is named because of observations made by a physician on a patient. The physician's knowledge 

influences this, the instruments they use to diagnose, the patient's environment, and their social circumstances. Thus, 

the name of a disease is not an objective fact from the beginning but is a product of the interaction between the patient, 

the physician, and the environment. Therefore, even if the patient is the same, the output disease name may change 

simply by changing the condition of the physician or the environment. This suggests that changing the observation 

method can change the distribution of disease names. 

Disease names are created depending on a variety of observational situations. There are two significantly 

different observation situations. The first is the general medical examination. In the first situation, a physician selects 

a disease name from an almost infinite number of possible names based on the patient's complaints and condition. 

The other situation is the naming of diseases in cancer screening. In this case, the physician who examines the patient 

selects one disease name from a small number of disease names or the disease name "no abnormality." If these two 

observations were made for the same patient population, the frequency of disease names would be pretty different. 

In sets that follow Zipf's law, an item's frequency varies with the set's size. The mean and variance of the 

frequency of the entire group also differ with the size of the set. This situation is not readily accepted by conventional 
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thinking. However, the above discussion suggests that the frequency of disease names may vary depending on the 

observation situation for the population. This means there is no inherent measure of frequency of disease names that 

is extrapolated from the sample population. This is like the situation where the discovery of fractals led to the 

emergence of the concept of a figure with no curve length or area. 
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3. complex networks 

3-1 Network Definition 

In the previous section, we noted that the interaction between the patient, the physician, and the environment 

determines disease naming. The physician's knowledge of the disease is the most critical environment for disease 

naming. It is not surprising that knowledge structure is essential in disease naming. To examine the influence of 

knowledge structure on disease naming, it is first necessary to explore the knowledge structure of disease or medical 

care. There are many ways to examine knowledge structure, including the network structure of knowledge. The 

details of the network structure of knowledge will be explained in the next section, but first, knowledge of networks 

is necessary as a prerequisite. A "network" is mathematically called a graph. The word "network" is mainly used in 

the physical and social sciences, while "graph" is primarily used in mathematics, but both mean the same thing. 

When dealing with a system, such as a complex system, it is often a question of some relationship between the 

elements of the system. When studying chemical reactions in a cell, the question of which chemicals (components) 

react with which chemicals is essential. In sociology, the question is what kind of relationships human elements have 

with each other. The relationships can be very diverse, such as friendships, business relationships, etc. A network 

(graph) is an abstraction of these elements and their relationships. 

In network theory, elements are called vertices (nodes or vertexes), and the relationship between each vertex is 

called a branch (also called a link or edge). So formally, a network is defined as follows. 

Definition: A network is a pair G ≡ (V, E) of two sets V and E. Where,𝑉 = {𝑣1, 𝑣2, … , 𝑣𝑁} is the set of vertices and 

𝐸 = {𝑒1, 𝑒2, … , 𝑒𝑁} is the set of branches. A branch is a pair of two vertices (𝑣𝑖 , 𝑣𝑗). 

 This is the mathematical definition, but the essence is shown in Figure III-4-4. In this figure, the numbered circles 

are vertices, and the lines connecting the vertices are branches. The number attached to the ring is the vertex number. 

 

 

 Network theory investigates various properties of such networks. For example, the shortest distance between two 

vertices (the minimum number of branches to connect two vertices), the diameter of the entire network, and so on. 

 

3-2 Indicators of Network Theory 

 Some essential indicators are used in network theory, which are described below. 

 

[path] 

When branches connect two vertices, i and j, the sequence of branches is called a path. 
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For example, in Figure III-4-4, for vertices 1 and 4, the rows of branches (1, 2) and (2, 4) are paths between vertices 

1 and 4. Other paths are (1, 3), (3, 5), and (5, 4). In general, there are many paths between two vertices. 

[connectivity] 

A network is connected when a path exists between any two vertices. 

In short, all vertices are connected by branches. Figure III-4-4 is a connected network. If there is no branch between 

vertex 4 and 6, 7 in this figure, it is not connected. 

[path length] 

The number of branches in each path. 

[Distance 𝒍𝒊𝒋 ] 

The minimum path length of vertex i, j is called the distance between two vertices i, j and denoted as  𝑙𝑖𝑗.   

[Network Diameter] 

The maximum distance between any two vertices in the network. 

 Determine that the diameter is infinite when the network is not connected. 

[average shortest length 〈𝒍〉 ] 

The average shortest length of a network is defined as the average distance of all pairs of vertices. 

That is, if the total number of vertices is N, then, 

〈𝑙〉 ≡
1

𝑛(𝑛−1)
∑ 𝑙𝑖𝑗𝑖,𝑗  .        (III-4-5) 

 

[degree ki ] 

The degree of vertex i is the number of branches coming out of i and is denoted as ki. 

 The vertices connected to vertex i are called neighbors of i. 

[degree distribution p(k)]. 

It is defined as the probability of a vertex having degree k in the network. 

    𝑝(𝑘) ≡
number of vertices having dgree 𝑘

𝑁
 .                          (III-4-6) 

[Average degree 〈𝑘〉 ] 

The average of the degrees of all the nodes in the network. 

 〈𝑘〉 ≡
1

𝑁
∑𝑘𝑖

𝑁

𝑖=1

=∑𝑘𝑝(𝑘)

∞

𝑘=0

. 

                                                              (III-4-7) 

[Cluster coefficients 𝐶(𝑖) ] 

The cluster coefficient C(i) for vertex i is defined as follows. 

   𝐶(𝑖) ≡
𝑒𝑖

𝑘𝑖(𝑘𝑖−1)/2
                  (  𝑘𝑖 > 1)                                                                     

                                      ≡ 0                                         (𝑘𝑖 ≤ 1) ,           (III-4-8) 

 Where ei is the number of branches between neighborhoods of i. 

 It is the ratio of the actual number of branches between neighbors of vertex i to the maximum possible number of 
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branches between neighbors of vertex i. Or it is the ratio of the number of triangles formed by the actual edges 

between vertex i and its neighbors and the number of triangles that would be created if branches connected all 

neighbors. Intuitively, it is an indicator of the extent of connection between neighbors. Socially, it is the probability 

that a person's friends are friends. 

[Average cluster coefficient 〈𝐶〉 ] 

It is the average of the cluster coefficients for all vertices. 

     

              〈𝐶〉 ≡
1

𝑁
∑ 𝐶(𝑖)𝑁
𝑖=1   .               (III-4-9) 

                                

 Intuitively, it measures how closely individuals in a group are related to each other. A high average cluster coefficient 

means that when you meet someone new, there is a significant probability that you have a common acquaintance 

with that person. 

 

3-3 Network Example  

 The following three are examples of typical networks (Figure III-4-5) 

 1. complete graph 

   Network with all vertices connected by branches. 

 2. lattice 

   Vertices and branches form a lattice. 

 3. random graph (Erdős-Rényi graph)[67][70][71]72][73][74][75][76][77]  

Network with N vertices such that the probability of having a branch between any two vertices is p, and it is 

represented as 𝐺𝑛,𝑝. 

 

 

 

Table III-4-2 summarizes the properties of each network. Here, 〈𝑙〉  (average shortest length) and 〈𝐶〉  (average 

cluster coefficients) of the Random graph are essential. 
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Network theory first gained attention in complex systems when the concept of the small-world nature of networks 

and scale-free networks emerged. 

Small world network 

  A network is a small world [78] if it has two properties: 1) the average shortest length increases only about log𝑁 

as N increases, and 2) the average cluster coefficient does not go to zero as N increases. These two properties are 

defined in comparison with a random graph. Table III-4-2 shows that the average cluster coefficient becomes zero in 

the Random graph s N increases. Also, the average shortest length between vertices increases only about log𝑁 with 

increasing N. The term "small world network" means that the average shortest length is about the same as that of the 

Random graph, but the average cluster coefficient is more significant than that of the Random graph. 

 Small world[79][80][81] is based on an experiment conducted initially by Milgram and others. In the experiment, 

letters were relayed from a randomly selected person in the U.S. to a target person in Boston. Each person sends a 

letter to someone close enough to call each other by first name. The recipient sends a letter to a person who is also 

close to them. The experiment was conducted to see if the letters would eventually reach the target person. Then, the 

letter was delivered through an average of six people. This was described and called “the sixth degree of separation.” 

This led to the conclusion that any two people in the U.S. are connected within the sixth degree of separation. This 

phenomenon was called the "small world" in the sense that anyone can be connected to anyone else through only six 

people, a surprising result in a country with a population of over 200 million. 

 By the way, the logarithm of 100 million is log 100000000 = 8. Though this is a little larger than the 6th order 

above, it can explain the phenomenon of 6th order separation if the network roughly satisfies the small world property. 
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Scale-free network 

  A scale-free network is a network such that the degree distribution of the network follows a power-law 

distribution[82][83][84]. Namely, 

         𝑝(𝑘) = 𝐴𝑘−𝛼               ( 𝑘 > 𝑘𝑚𝑖𝑛) .                    (III-4-10) 

As explained in Chapter 2, the power-law distribution is a distribution that follows the power-law above a particular 

value of kmin. Here, α is called the power-law exponent. There are many networks whose degree distributions follow 

the power-law. Typical examples are WWW (World Wide Web)[85], language networks (networks that connect 

words in a sentence. See Chapter 4-4), actor networks, etc. Several models for creating scale-free networks have been 

proposed; the most important one is called the preferential attachment model by Barabási and Albert [82][83][84]. 

This is a network version of the Yule process (rich-get-rich) described in Chapter 2. Specifically, the model is as 

follows. 

1) Create a complete graph consisting of m0 vertices. 

2) Add one vertex with m (≤ m0 ) branches at each point in time. These branches are connected to m different 

vertices. The probability of connecting to vertex i is proportional to the degree ki of the vertex. That is if the 

probability is 𝜋𝑖,  

𝜋𝑖 =
𝑘𝑖

∑ 𝑘𝑗
𝑁
𝑗=1

         (1 ≤ 𝑖 ≤ 𝑁).                     (III-4-11) 

 

After the t steps in this model, we have a network with t+m0 vertices and mt branches. Simulation of this model 

produces a scale-free network. The power-law exponent in this case was α=2.9. Theoretically, α=3.0. Since the power-

law exponent of scale-free networks in the real world is 2 to 3, the power-law exponent of this model is a little larger. 

However, this index can be varied by changing the model slightly, so the size of the power-law exponent is not a 

significant issue [80][87][88][89][90]. Importantly, preferential attachment occurs during the network growth in 

generating scale-free networks. 

 The degree distribution is a perfect power-law distribution in the Preferential attachment model. However, actual 

scale-free networks often deviate from the power-law distribution at large degrees. Such a distribution that deviates 

from the power-law distribution is the "truncated power-law distribution" described in Chapter 2. By applying some 

restrictions to the preferential attachment model, such a truncated power-law distribution can be obtained 

[18][91][92][93]. 

The average shortest length of a scale-free network increases only about log𝑁. This is a necessary condition for a 

network to be a small world. However, cluster coefficients are generally not satisfied. Several network models have 

been proposed that satisfy the small-world requirement for cluster coefficients [58]. An important one among them 

is the hierarchical model [89]. A hierarchical model is a model created by hierarchical or recursive rules. Recursive 

is also a construction method used to create fractals, which we will not discuss in depth here [4]. 

Figure III-4-6 illustrates how to create a hierarchical network using Ravasz’s model. In Step 0, connect three red 

vertices to one vertex. Next, combine three of these step0 figures to the center of step0 (step1). This process is 

repeated. This network is a deterministic model, but if we include the factor of preferential selection when connecting 

new diagrams, we can create the preferential attachment model. The hierarchical model has the following two features 
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in addition to being scale-free. 

1) The cluster coefficient is a constant value regardless of the network size. 

2) The average cluster coefficient C(k) of a vertex of degree k satisfies the power-law as in the following 

equation. 

𝐶(𝑘) ≈
1

𝑘
  (Where ≈ refers to the description in Table III-4-2). 

Property 1) above indicates that this network is a small world. These two properties can also be used to check whether 

a network has a hierarchical structure. WWW, language networks, actor networks, etc., have these characteristics and 

are considered to have a hierarchical structure. 

 

 

 

 All large networks in the real world, such as the World Wide Web, are scale-free and small-world in nature. 

Furthermore, many of them have a hierarchical structure. The concept of complex networks was created to handle 

these networks collectively. The exact concept of complex networks is still ambiguous, but in general, it often means 

networks that are scale-free and have small-world properties [66][94][95]. However, since the term is only for 

studying large-scale networks found in the real world, the definition itself is subject to change in the future. 

 I could not find a clear definition of the word "complex" in the term "complex network. However, in general, the 

systems subject to complex networks are usually large and complex systems. In this sense, the word "complex" in 

complex networks can be interpreted as meaning "complex system. 

Many scale-free networks have been found in biology and medical care. Since medical knowledge networks are 

discussed in the next section, we describe some examples of scale-free networks in the biological and medical care 

fields. 

In the cell, numerous chemical components undergo chemical reactions (metabolism) with each other. The 

network of chemical reactions among these chemical components (metabolic network) has been investigated by 

Jeong and others[88][90]. The results showed that metabolic networks are scale-free and small-world in nature. The 

same was examined for many species, which showed similar structures in those species, indicating that these 
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properties are general. Furthermore, concerning small-worldness, the radius is around 3, even as the network size 

increases. This is contrary to the fact that in broad small-world networks, the radius increases according to log𝑁. 

This is a stronger characteristic than small-worldness. It has been stated that organisms may have kept the radius 

from increasing during evolution [88]. This holds for networks of medical care knowledge, which will be discussed 

in the next section. Ravatz also examined the metabolic networks of different species in the same way [90]. The 

results showed that in all species, the metabolic network consists of many modules, each of which is a small, tightly 

connected network. In a hierarchical structure, these modules consist of large units that lack closeness. The power-

law governs the number of units and cluster coefficients. At this time, as a proof of hierarchy, they use the result 

𝐶(𝑘) ≈
1

𝑘
, which is a characteristic of networks with hierarchical structures shown above.  

Another important scale-free network in medical care is infectious diseases. Initially, Lilijeros et al. examined 

the sexual behavior of 4,781 randomly selected Swedish individuals [96]. This was done to answer the question of 

how sexually transmitted diseases such as HIV spread. The results showed that the number of sexual relations one 

person had within 12 months of the survey date satisfied the power-law. The power-law exponent at that time was 

approximately 2.4. In other words, the sexual behavior network proved to be scale-free. This study provided new 

insights into the transmission of sexually transmitted diseases such as HIV. Sexually transmitted diseases spread 

through sexual behavior are not equally distributed by all people to other people but rather by certain people to many 

people. The spread of infectious diseases through scale-free networks spreads at a different speed from random 

networks, in which people spread equally to others. In addition, different methods are needed to control the spread 

of the disease in a scale-free network than in a random network. For such infectious diseases, focused education for 

those who can infect many people is more effective than education for all people equally to control infection.  

The properties of scale-free networks can explain the above infection control measures. Albert and others have 

investigated the vulnerabilities of scale-free networks [97]. A connected network loses its connectivity and breaks 

down somewhere when the vertices and branches within it are excluded. According to Albert and others, a scale-free 

network is strong against attacks on randomly selected vertices. Still, the network is frail if the attacks are selective 

against vertices with many branches. This is precisely in line with the strategy for prevention of sexually transmitted 

diseases described above. 

In the new coronavirus infections that have occurred since 2019, the term "super-spreader" has become famous. 

This term was born from the fact that in SARS and the new coronavirus, each person does not transmit the disease 

equally to others, but some people infect a vast number of people, while others do not infect so many. As for sexually 

transmitted infections, the term super-spreader is also used in the new corona and SARS to mean a person who sends 

the disease to many people. This suggests that infectious diseases other than sexually transmitted diseases may also 

have scale-free transmission networks. Taking individual preventive measures against super-spreaders in such scale-

free networks is more effective. This method is known as "cluster crushing.” 

 

 

4. medical care knowledge networks and disease distribution[98][99]. 

 As mentioned earlier (Chapter 4-2), the name of a disease is not an objective name of the disease from the 

beginning. Still, it is a product of the interaction between the patient, the physician, and the environment. Within this 
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environment, medical care knowledge is essential. Therefore, it is necessary to examine the structure of medical care 

knowledge. But what does medical care mean in the first place? In the case of mathematics, for example, first, there 

is a precise definition of a word, and then there is a clear logic based on that definition. Physics shows basically the 

same structure. First there is a definition of mass, and then it is organized as equations of motion governed by that 

definition. On the other hand, medical science or medical care is very vague. The words used are somewhat open-

ended, and new words are often created. When they are no longer needed, they disappear. The definitions of many 

words are also ambiguous and are often defined vaguely in the context of a whole sentence. Even the names of 

diseases, once defined, change over time. 

As an example, let us consider one of the symptoms: pain. Pain is such a common symptom that it is said that 

pain and fever account for most new outpatients. This concept of pain is a good illustration of the ambiguity or 

diversity of concepts in medical science. Pain is classically a type of perception. Pain, touch, cold, and warmth are 

part of perception. When an injury or other disturbance occurs, the corresponding receptors are stimulated, and the 

stimulus travels through the nerves to the nerve center. At the nerve center, pain is felt. This is the classical concept 

of pain. Descartes has already described this concept of pain. Descartes described not only physical pain but also the 

concept of mental pain. People with mental illnesses, such as depression, complain of pain even when no specific 

injury exists. He classified such pain as mental pain. 

If pain can be categorized into physical and mental, then at least the coping strategies for physical pain are simple. 

To remove the pain, one can immediately think of eliminating the causative injury, numbing the pain receptors, 

blocking the nerves transmitting the pain, and so on. With such actions, it should be easy to control the pain symptoms. 

Analgesic and antipyretic drugs such as aspirin exert their analgesic effects by raising the pain threshold of pain 

receptors. Local anesthetics such as xylocaine inhibit the transmission of pain stimuli by blocking nerve transmission. 

Substances called opioids, such as morphine, exhibit analgesic effects by suppressing pain transmission in the spinal 

cord and inhibiting the excitation of pain information conduction pathways in the brain, such as the thalamus and 

cortical sensory areas34. 

With the development of these numerous analgesics, pain was thought to be easily controlled. However, even 

with the development of multiple analgesics, the number of patients suffering from pain (usually physical) has not 

decreased. Furthermore, several pains have been discovered that are unlikely to be caused by the classical pain 

mechanisms. 

There is a procedure for pain relief called a cordotomy. This is a surgical procedure in which the pain-conducting 

pathway, called the lateral spinothalamic tract of the spinal cord, is surgically severed. This disconnection interrupts 

the transmission of pain signals and is supposed to provide analgesia below the disconnected area. However, many 

patients undergoing this surgery have experienced recurrent or increased pain. 

Herpes zoster (Singles) is a disease that causes blisters and pain on the skin. Herpes zoster is a disease that almost 

always heals spontaneously without an immunodeficiency. However, pain may occur in the same area more than one 

month after the zoster has cured. This is a disease called postherpetic neuralgia. The zoster is believed to have healed, 

but the pain persists due to nerve damage during the infection.  

 

34 Opioids have many other effects besides their central effects. 
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Some trauma and persistent pain may occur a month or more after the trauma has healed. This disease used to be 

called causalgia and is now called complex regional pain syndrome (CRPS). This is also pain after the causative 

trauma that has completely healed. A more curious type of pain is phantom limb pain, which occurs after a limb's 

amputation. This is also pain for which no cause for pain can be found. These are diseases in which the cause of the 

pain is unclear. In each case, ordinary analgesics and nerve blocks have little effect. In some cases, sympathetic nerve 

blocks and antidepressants are more effective. 

Thus, even regarding pain that is considered physical pain, there is pain that cannot be dealt with by conventional 

methods. Furthermore, there are cases in which people do not feel pain, even when there is an apparent cause of pain. 

One famous example is pain on the battlefield. Some soldiers do not complain of pain even though they are seriously 

wounded. It is also said that if a dog is repeatedly given a painful stimulus and food simultaneously, it will not show 

any pain behavior in response to the painful stimulus. In the battlefield example, being wounded means being able to 

return home from the battlefield, which is said to suppress pain. In dog experiments, the pleasure of receiving food 

is also said to stop pain. 

How did human beings learn the sense or word "pain" in the first place? When one person complains of "pain, 

" is the same as the sensation of "pain" in another person? Let us follow Maruta on this matter [100]. The question is 

how a person acquires the ability to feel the sensation of pain in the first place or to learn the word pain. A baby falls 

and falls on its back. At this time, the baby experiences the sensation of pain, but learning is necessary to interpret 

this sensation as pain. When the baby falls, the mother may hold the baby in her arms and say, "Pain, Pain, Go away.” 

If this kind of voice is repeated many times, the child learns that the sensation of the fall is the sensation of "pain.” 

The child is thought to acquire the sensation of "pain" by repeatedly undergoing this learning for pain sensations 

other than falling. 

Pain is a purely subjective sensory experience. Therefore, we should not be able to understand the pain of others. 

However, many people can feel pain the same way when one person cries out. This is because many people repeat 

similar experiences. When everyone is taught the word "pain" by their mothers when they fall, the feeling of pain is 

shared among people, and the sensation of pain is understood as a common language. 

However, not all mothers respond the same way. For example, consider the following situation. Suppose another 

child pushes a toddler, falls, and scrapes her knee. In such a situation, the infant may feel surprised, sad, anxious, 

frustrated, and in pain. Different mothers may respond differently to this situation. Mother A is surprised by the injury, 

does her best only to treat it, and says, "It doesn't hurt anymore.” Mother B says, "You must have been so frustrated 

and sad when you were pushed away," and hugs her. An infant who has always received responses like mother A's 

may perceive all feelings of surprise, anxiety, sadness, and frustration as pain. 

The following example could be considered. Suppose a toddler does something wrong and is beaten. If this happens 

repeatedly, the guilt of doing something bad might become a pain. 

In other words, the sensation of "pain" is not innate but is learned. Learning from a shared experience, such as 

hitting or falling, gives us the label "pain" as the sensation we experience. However, each person knows a little 

differently. Therefore, for some people, "pain" is mixed with feelings of anxiety, sadness, guilt, surprise, and so on. 

If such a person complains of pain, it may be a sign of guilt. Using analgetic on such a person will not improve the 

pain. 
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This process defines pain in the pain clinic world as follows. 

“Pain is a symptom. Pain is a subjective perceptual experience.” 

This definition, in a sense, states nothing. It is a definition that seems as if it has abandoned the idea of defining. 

However, it shows that it cannot be determined without saying this. 

I have discussed the concept of pain at length to illustrate the ambiguity of the idea in the world of medical science 

and medical care. Unlike mathematics and physics, concepts in medical science and medical care are rarely used in 

a strictly defined manner. The early classical concept of pain and the modern concept of pain, which includes mental 

problems, are quite different. In mathematics and physics, a new term is usually coined when a concept undergoes a 

significant change like this. It is possible to think of creating a new concept of pain in the form of old and modern 

pain. However, this is not usually done in medical science and medical care. This is because concepts in medical 

science and medical care change daily. Nor can medical scientists alone change the idea. It is the patient who 

complains of pain. It is no use telling a patient who comes to the hospital complaining of "pain" that it is not pain. 

The world of medical science and medical care is a discipline in constant contact with the real world of patients. 

Changing the word "pain" at will is impossible for academic convenience. 

How, then, should we recognize this ever-changing world of concepts? The various concepts used in medical 

science and medical care cannot be defined in a mathematical sense. A concept (word) is determined by the terms 

related to that concept. The classical concept of "pain" is defined by injury, receptor, stimulus, nerve, and transmission. 

However, the modern concept of "pain" is defined by words such as mind, anxiety, emotion, sympathy, guilt, 

antidepressant, and society, in addition to the above terms. 

The idea that a collection of words defines certain concepts and terms is not an idea unique to medical science. 

Human speech, the natural language system itself, is imbued with such properties[101][102]. Thus, Medical care 

knowledge is considered a system described by natural language. 

How can we examine knowledge systems that are not systematically assembled? Recently, methods have been 

developed to analyze the structure of such natural language descriptions. Some criterion connects the words used in 

the system to form a network. The network structure is then analyzed using network theory methods. This analysis 

has shown that the small-world and scale-free characteristics also appear in language 

[103][104][105][106][107][108][109]. Using these methods, it is possible to analyze medical science systems. The 

methods of natural language analysis are used for descriptions of medical science systems, e.g., medical textbooks. 

The authors used Harrison's "Internal Medicine," a standard textbook of internal medicine, as a representative 

description of medical knowledge [110]. First, the words in the text were organized by hand, and a term was defined 

as a single word or a group of words with a medical science meaning [98]. The reason for not dealing with the words 

themselves is not to know the structure of the language but to know the structure of medical science knowledge. Each 

term consists of one or several words. Each term is classified into disease (diagnostic) name (d), subjective symptoms 

(s), objective signs (f), and other medical science terminology (x). For example, stomach cancer is a term classified 

as a disease name consisting of two words. The sentences also contain articles, conjunctions, verbs, adverbs, 

adjectives, etc., which are not included in terms, but these words were excluded from the analysis. Each term extracted 

from a sentence in this way is a vertex (node) of the network. Each term in a sentence is connected to each other by 

branches. In this way, it is possible to construct a network by connecting terms in a sentence with each other by 
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branches (Figure III-4-7). This network will be called MKN (the medical (care) knowledge network). 

 

  

 

 Table III-4-3 summarizes the network analysis. The average degree in the MKN network is 37, the average distance 

is 4.317, and the cluster coefficient is 0.86. The short average distance and large cluster coefficients are characteristic 

of small-world networks. The corresponding random graph with the same number of vertices and branches as the 

MKN has an average distance of 3.07 and a cluster coefficient of about 0.0008. This indicates that the constructed 

MKN has an average distance almost as large as the corresponding random graph and a cluster coefficient much 

larger than the random graph. In other words, the MKNs were shown to be small-world. 
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Figure III-4-8 shows the complementary cumulative distribution of degrees (CCD) for MKN, the distribution 

of cluster coefficients C(k), and the average cluster coefficients for different network sizes. As can be seen from the 

figure, the degree distribution for MKN exhibits the scale-free characteristic of a power-law distribution (or, more 

precisely, a truncated power-law distribution). Its power-law exponent is 2.04535. Compared to the full power-law 

distribution, it deviates from a straight line where the degree is large, but this may be due to the finiteness limitation 

of the network, as described in Chapter 4-2. Furthermore, the hierarchical nature of the network was also examined. 

As mentioned in the previous section, Ravasz et al. have shown that when a network has a hierarchical structure, the 

following two properties of the network are valid: (1) the cluster coefficients are independent of the size of the 

network, and (2) the average cluster coefficient C(k) of a node of degree k satisfies the power-law with exponent 1 

[54][55]. This is illustrated in Figures III-4-8 b. and c. As shown in the figure, it has a hierarchical structure since 

MKN satisfies Ravasz's two conditions. 

 

35 (a) is the complementary cumulative distribution. From the slope of the regression line, β=1.04417. 

The power-law exponent of the degree distribution is α=β+1=2.045 (see Appendix 4). 
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The above facts indicate that MKN is a small-world network with a scale-free and hierarchical structure. The small-

world nature is advantageous in terms of efficiency of knowledge and information retrieval. When physicians 

examine patients, they select an appropriate disease name from vast knowledge. The physician must quickly choose 

the proper disease name from tens of thousands of disease names based on the patient's symptoms and test results. 

The small-world structure of medical care knowledge indicates that the appropriate disease name can be selected in 

as few as five steps from the patient's symptoms and test results. The small-world nature of medical care knowledge 

is beneficial for making such associations. 

On the other hand, scale-free and hierarchical structures may be related to the mechanisms by which medical 

care knowledge is generated. Medical care knowledge is constantly changing. Disease names are added, definitions 

vary, new knowledge is added, and old knowledge is deleted. New knowledge corresponds to the addition of new 

vertices in MKN. The newly added vertex is connected to the already existing vertex by a branch. The preferential 

selection principle may be at work in the connection. In addition, medical science knowledge has a complex 

hierarchical structure. It is necessary to grow while maintaining the old hierarchical structure when adding a new 

node. These two principles will grow a network of medical care knowledge.  

Is a medical knowledge network merely a knowledge network? Or does it have something to do with the actual 

behavior of a medical practitioner? If the medical knowledge network simply represents a medical text's structure, 

its use and application in actual medical care will be limited. However, the implications are significant if this network 

structure influences medical care behavior. To investigate this, we used a database of disease names in a hospital 

information system that reflects physicians' behavior. The disease name database is created by entering the names of 

diseases of the patients that physicians examine in their daily practice into a computer. The disease name in the 

database does not necessarily mean a confirmed diagnosis. The presumed disease name of a patient may change as 

the patient undergoes medical treatment and examination. Many different disease names are registered for the same 

patient in such cases. In other words, the disease name registered changes according to the physician's examination 

behavior. For each disease name in the database, information such as patient number, department code, disease code 

(ICD code), physician code, date of entry, and entry terminal code are recorded simultaneously. These data are simply 

the network's vertices and the Diagnosis Database Network (DDN) can be constructed by connecting the vertices in 

the same record with branches. 
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 As shown in Table III-4-3, DDN exhibits small-world properties. Furthermore, DDN is shown to be a scale-free 

and hierarchically structured network like MKN (Figure III-4-9). Moreover, MKN's average cluster coefficient and 

power-law exponent are 0.86 and 2.045, respectively, and those of DDN are 0.83 and 2.084, respectively. These are 

very close values. These facts suggest that DDN has a very similar network structure to MKN. 

It is a remarkable fact that the DDN, which represents the network of the physician's act of naming a disease, and 

the network of medical knowledge have very similar characteristics. This fact allows us to consider the following 

possibilities. 

1) The knowledge structure in the physician's mind to perform medical care is like that of MKN. 

2) The knowledge structure is used to diagnose the disease. 

3) The small-world nature of the knowledge structure allows physicians to use a vast amount of medical 

science knowledge. 

4) The resulting disease names have a particular relationship (network-like ties) to each other. 

5) The medical care practices of physicians affect the knowledge structure of general medical science. 

 

 To investigate the relationship between physician behavior and MKN, let us compare the decision-making behavior 

of a physician to the movement of a particle on an MKN. In MKN, consider a particle that moves randomly on the 

network from any vertex. Suppose that the first disease name visited by this particle is the doctor's diagnosis. If this 

operation is repeated many times, the frequency distribution of disease names is obtained. The frequency of disease 

names thus acquired would be proportional to the degree of the vertex representing the disease name. Therefore, let 

us examine the degree distribution of the vertices of the disease name in MKN. 
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Figure III-4-10 shows a Zipf plot of the degree of the disease name vertices. As shown in the figure, the Zipf plot 

shows that the power-law is valid. Since the Zipf exponent ζ is 0.96, the power-law exponent α is 2.04 (Appendix 

III-4). As Chapter 4-1 mentions, the power-law also holds for the frequency of disease names in hospitals. Moreover, 

its Zipf exponent is around 1 (around 2 for the power-law exponent), as shown in Table III-4-1, which is very similar 

to the Zipf exponent of the MKN power-law distribution. It is very suggestive that the actual frequency of disease 

names and the degree of MKN diagnoses follow a similar power-law. In MKN, a higher degree indicates that the 

term is more frequently referenced. A large degree means that the term is connected to many words, which is more 

likely to be used and selected. This is the reason why the present results were obtained. This is like the fact that the 

word frequency distribution of a sentence strongly correlates with the degree distribution of the network created from 

the sentence. However, in the case of sentences, it is the frequency of words in the sentences. At the same time, the 

present results are not the frequency of disease names in the sentences but the frequency of disease names in actual 

practice, which means slightly different and more meaningful results. 

Why are the frequency distribution of disease names and the medical knowledge network degree distribution so 

similar? The possibilities are as follows. 

1) Texts will always reflect new knowledge of diseases in actual medical care. In other words, diseases that 

appear frequently in medical care are often described in the text. 

2) Diseases frequently appearing in the text are accessible for physicians to associate with. 

3) The knowledge structure in the mind of the diagnosing physician has a network structure like the 

knowledge structure shown by the text. 

4) Conversely, the text itself is constantly changing, influenced by the medical care practices of physicians. 

 

5. medical care is a complex system  

 In Chapter 3 and this chapter, I have described many complex system-like properties that emerge in medical care. 

We have precisely described the power-law distributions in medical care commonly found in complex systems. As 

mentioned in Chapter 3, three main types of power-law distributions appear in medical care. The first is the "category 

frequency distribution," such as the frequency of disease names and surgical procedures. The second is a "quantity 

distribution," such as the distribution of blood loss during surgery. The third is "time distribution," such as length of 

hospital stay, operation time, and recovery time. 
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The latter two of these distributions were considered in Chapter 3-4. For the third length of hospital stay, random 

walk is the most critical factor. This is the idea that the patient's condition fluctuates randomly. The cause of the 

random fluctuations can be interpreted as the interaction of the various organs randomly oscillating the average state 

of the patient. As for the second, bleeding volume, its key factor is the fractal nature of the vessels. From a complex 

systems perspective, the complex interactions between tissues and cells during the development of the human body 

can be considered to result in fractal vascularity. In this way, the power-law distribution in the second "quantity 

distribution" and the third "time distribution" can be regarded as a reflection of the complexity of each organism, just 

like the chaos in the organism described in Chapter 3-1. On the other hand, the power-law distribution in the "category 

distribution," such as disease names described in this chapter, reflects the "complexity of the social structure" of 

medical care rather than the complexity within individual organisms. 

In Chapter 4-4, we analyzed a network created from a medical science textbook. The results showed that the MKN 

was small-world, scale-free, and hierarchical. Furthermore, we showed that the same structure is applied to the 

database of disease names, which is thought to reflect actual medical care practices. Thus, the fact that MKN reflects 

existing medical care practices indicates the importance of examining MKN. Furthermore, this fact suggests that 

medical care itself is a complex system. To consider this, let us restate the definition of a complex system (see Chapter 

2-1). 

1) A system is composed of many elements (agents). 

2) Each agent interacts locally with each other. 

3) This local interaction results in the emergence of overall properties, states, and behaviors that cannot be 

predicted from the properties of each agent. 

4) These overall properties, state, and behavior affect individual agents' behavior and change it. 

 Looking at this definition, we vaguely assume that biological groups, human social groups, etc., are complex 

systems. This is true. However, the significant difference between human society and biological groups is that humans 

have language. The information that controls biological groups is behavior, such as gestures and eye movements. 

These behaviors can only have local effects in time and space. Therefore, the biological population is precisely the 

group that engages in the local interactions described in 2) above. Language, however, can influence the world far 

away in time and space. In this sense, human societies do not only engage in local interactions. Political groups, 

social action groups, corporate organizations, etc., are united by language, a method (rules, laws) that has a global 

impact. Of course, individual members interact with each other not only through such global influences but also 

through local influences. Therefore, their interactions can change the group's direction and cause it to move contrary 

to its own rules. In this respect, it can be considered that complex systemic influences are genuinely occurring. 

 The global rules (language) that govern human society are like a strictly defined language, as can be seen by 

considering laws and the like. In other words, it is a mathematical language. As mentioned above, mathematical 

language is characterized by the fact that it starts from a strict definition and is based on logic deduced from it. Unlike 

in the past, the language that defines modern society seems to have evolved into this type. Take factory production, 

for example. In a factory, the product is strictly defined. Starting with the blueprints, a bill of materials that specifies 

even the product's contents is just such a thing. Furthermore, the production process itself is also defined. In the past, 

many products were produced by so-called "artisanal techniques," but now these techniques are becoming precisely 
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manualized so anyone can make the same product. This trend is becoming stronger and is spreading to the world 

outside of factory production. For example, the restaurant industry has been a world of artisan craftsmanship until 

recently. The art of serving customers was also a skill of the artisan, a way to "win the hearts and minds" of customers. 

However, the fast-food industry, which spread from the U.S. to the rest of the world, introduced a process chart called 

a manual to this food industry. Very detailed behavior manuals have been created regarding what to say to customers 

when they arrive, how to recommend products, and so on. Through such manualization, the behavior of employees 

has become prescribed, and local, free interaction with customers is being lost. 

 Similar efforts are underway in medical care. The DRG/PPS (DPC in Japan) is a typical example of such an  

attempt. It is an attempt to classify groups of patients according to DRG codes and to apply the same medical care 

(called a clinical path, or path for short) to the same group. This has led to a more manual approach to medical care. 

The individualized treatment of each patient by each physician is gradually being lost, and the ideal is to produce the 

same result regardless of which physician performs the procedure. At an academic conference, a speaker said, 

"Nowadays, there is no need to be excited or thrilled about what we do to patients. We live in an era in which we do 

what we are supposed to do in a routine manner”. Having a great doctor is no longer necessary, and it is becoming 

ideal that every doctor is the same. 

 These methods are progressing rapidly. However, there are still many patients who fall outside the clinical path. 

Hospitals refer to patients who fall outside the clinical path as "variances," and when they occur, they modify the 

clinical path so that it can be adapted to those patients. It is believed that patients who fall outside the path are because 

it is still incomplete and that with repeated modifications, all patients can eventually be treated by the path. But is 

this true? Perhaps the number of patients who fall outside the clinical path will not decrease, no matter how much the 

clinical path is modified. As discussed in Chapter 3-3, this may be a phenomenon in which outliers are not rare. 

 Language is originally a function of information contraction. Humans refer to all dogs collectively by the name 

“dog.” How many dogs are there in the world? All of them are represented by a single word, “dog.” This function 

allows us to think of the world simply. If language did not have this function, we would have to call each dog by a 

different word. The world would then be much more complex. Of course, this is not a function of language alone. It 

is possible that animals that do not have language also know what kind of animal they are. Pet dogs clearly distinguish 

between dogs and cats. They seem to think, "Dogs recognize each other as dogs, and cats as something else.” However, 

expressing this recognition by a single symbol and the simple fact that they recognize each other is another matter. 

Using language as a symbol, we can think about dogs and discuss dogs with other people even when dogs do not 

exist. At any rate, language has enabled humans to express and communicate a diverse world with a few symbols. 

 Language thus has the function of representing the world with less information. However, the world represented 

by language and the actual world are different. This causes problems. Even if dogs are collectively described as 

"dogs," sometimes it becomes necessary to distinguish one dog from another. One dog is friendly and does not bite. 

But other dogs are aggressive toward humans. Then, it becomes necessary to distinguish between the two. Therefore, 

it is necessary to create a new term to distinguish between the two. This kind of work will inevitably occur if we try 

to express the actual world in language. One after another, new words are created, obsolete words are deleted, and 

sometimes the meaning of words is changed. It is the language that continues to be created through these constant 

changes. In this sense, language itself can be considered a complex system. In this way, the original "language" 
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constantly changes as it adapts to changes in the world and human beings. 

 However, amid all this, some languages have emerged that represent things that do not change. Mathematics is a 

typical example. Mathematics is a language, but its object, what it represents, does not change. Or rather, mathematics 

creates what does not change and expresses it. Straight lines and triangles are concepts that do not exist in the real 

world. The structure of mathematics begins with a definition. First, one defines a line, then one discusses and 

expresses its properties according to that definition. To define is to create. It is thought that the original "word" began 

by expressing what already exists. In the case of mathematics, however, it does not exist but is created. Since it is 

created, its nature does not change in the creation process. This is not possible in the case of representing something 

that actually exists, but it is possible in the case of creation. 

 Human society is not only a society that expresses itself through "words" but also a society that creates, as in 

mathematics. Since ancient times, we have created plants, houses, carriages, towns, and countries. For this world of 

creation, the language of mathematics must have been very advantageous. The mathematical world does not change 

the meaning of words along the way. It works according to the first definition. This trend has led to the standardization 

and manualization of the industry. 

 Now, let us return to medical care. As mentioned earlier, medical care has also become more formulaic and 

manualized. However, this has not always worked. I have argued in this book that the reason is the complexity of 

medical care. Why, then, does medical care, unlike other industries, maintain such complexity? In a word, because 

medical care is a system that expresses disease rather than a system that is created. In Western medical science, 

diseases are categorized by the name of the disease. This is the same as naming a dog "dog.” Initially, Western medical 

science recognized diseases by their terms and tried to deal with each disease according to its name. However, it is 

impossible to describe an actual disease accurately. Therefore, the same phenomenon as in the original "language" 

occurred in medical care. The subject always influences medical care. As mentioned in the section on pain, no matter 

how pain is defined in medical science, if the nature of the patient's pain no longer matches, the definition must be 

changed. The subject is not something man has created but exists initially. Therefore, its nature cannot be defined as 

in mathematics. If the subject changes, medical science itself must change accordingly. By describing these changes, 

medical science books are created. It is thought that the accumulation of these changes has built a medical science 

book, which has resulted in MKN having the properties of a complex system. The complex nature of the MKN is an 

expression of the complexity of medical care itself. At first glance, medical care appears to be a human-made system, 

like the automobile industry. However, it seems to be a complex system that cannot be tightly defined. Without 

recognizing this, we may be unable to solve the medical care problem. Or perhaps medical care is an inherently 

insoluble subject. Perhaps medical care problems are not to be solved but rather to be the subject of continuous efforts 

to solve them. 
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Appendix 

 

1 Differential equations as a dynamics system 

 A dynamical system can be considered an equation that predicts the future from the present state. 

    𝑥𝑛+1 = 𝑓(𝑥𝑛)                                                                                                                  ( III -A -1 )  

is an expression that predicts the state xn+1 at time n+1 from the current state xn. This formula is for the case of 

discrete-time, but if time is continuous, how can we predict the future? If time is continuous, there is no such thing 

as the next time after a specific time. This is where the idea of differential equations comes in, to be used to predict 

the future. 

 First, we will use t instead of n to represent time and x(t) and y(t) instead of xn and y n
36. Consider predicting the 

future with the current time as t. Since t is a real number, the next does not exist as the “next” future. If h is a small 

real number, the time after h is expressed as t+h. Here, h can be any small number. Let us represent the future state 

x(t+h) using the present state x(t). To describe the future, in other words, we can define the difference between the 

future state x(t+h) and x(t). 

  Namely,  𝑥(𝑡 + ℎ) − 𝑥(𝑡) = 𝑓(𝑥(𝑡)) .                         ( III-A-2 ) 

Is it possible to have a representation of the right-hand side that has nothing to do with h for any h? Since this h can 

be anything, it does not matter how small h is. So, let's make h on the left-hand side of ( Ⅲ-A-2 ) smaller and smaller. 

As you can easily imagine, as h is smaller, x(t+h) will naturally become closer to x(t). This means that the left-hand 

side of (Ⅲ-A-2) approaches zero. For sufficiently small h, the left-hand side is almost zero. Since we are trying to 

express the right-hand side of (III-A-2) in terms of the current value of x, it does not matter what h is. This means 

that the value of h must be the same as that of h when h is sufficiently small. Since the left-hand side of (III-A-2) is 

almost zero for sufficiently small h,  f(x(t)) of the right-hand side must also be zero. This means that the future 

cannot be predicted using expressions like (III-A-2) (this is the significant difference from the discrete case). 

 So what is to be done? An old genius found the answer. He wondered what would happen if the left side of (Ⅲ-A-

2) was divided by h. Dividing by h means that if x(t) represents the position at time t, then the value divided by h 

   
𝑥(𝑡+ℎ)−𝑥(𝑡)

ℎ
 ,                                                    (III-A-3) 

is the velocity (or the average velocity between time t and t+h). Unlike (Ⅲ-A-2), this value can be a constant non-

zero value even when h is small (zero means the object is stationary). The idea is that if it becomes a constant value, 

then this equation can predict the future. 

A differential equation is an expression like the following. 

 

36 n (i,j,k, etc.) is generally used to represent integers and natural numbers, while t (x,y,z, etc.) is used to 

represent real numbers. The same is true for xn and x(n). When writing xn , there is usually an implicit 

understanding that n is an integer (as in a number sequence). x(t) usually implies that t is a real number. 

In any case, since these are customs, it is not wrong to write either of them, but it is usually easier to make 

a mistake if you follow the customs. 
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𝑑𝑥

𝑑𝑡
= 𝑎𝑥 + 𝑏 .                                                                                    (III-A-4)  

In the case of two variables, the next is true. 

    {

𝑑𝑥

𝑑𝑡
= 𝑎𝑥 + 𝑏𝑦

𝑑𝑦

𝑑𝑡
= 𝑐𝑥 + 𝑑𝑦

                                    .                      (III-A-5) 

Where a, b, c, d are ordinary numbers (constants). However, in general, the right side can be any expression (function) 

for x or y (e.g., x2, sin(x), etc.). So, in general 

𝑑𝑥

𝑑𝑡
= 𝑓(𝑥).                                   (III-A-6) 

Also, x is precisely written x(t), and y is y(t), but since the equation is dirty, we usually omit t and write x. 

 Here, the definition of the left side is written as follows37. 

𝑑𝑥

𝑑𝑡
= lim
ℎ→0

𝑥(𝑡+ℎ)−𝑥(𝑡)

ℎ
  . 

Here, “lim” means limit. In the function 
𝑥(𝑡+ℎ)−𝑥(𝑡)

ℎ
, 
𝑑𝑥

𝑑𝑡
 is the value when a small value of h is brought closer and 

closer to zero. Initially, the limit is taken, but if h is fixed here (“lim” is eliminated), then, the right side is 
𝑥(𝑡+ℎ)−𝑥(𝑡)

ℎ
 . 

If h is small enough, fixing h will not make much difference from the limit value. So, for example, h=0.01 (second) 

is determined. Then, equation (Ⅲ-A-6) becomes as follows.   

𝑥(𝑡+ℎ)−𝑥(𝑡)

ℎ
= 𝑓(𝑥)     ℎ = 0.01    .                   (III-A-7) 

Once replaced this way, the differential equation becomes essentially the same as the discrete equation (III-A-1). 

 Let's transform equation (III -A-7) a little. Multiplying both sides by h 

𝑥(𝑡 + ℎ) − 𝑥(𝑡) = ℎ𝑓(𝑥). 

Further, 

𝑥(𝑡 + ℎ) = 𝑥(𝑡) + ℎ𝑓(𝑥) .                                     (III-A-8) 

This equation (Ⅲ-A-8) is almost the same as the equation ( Ⅲ-A-1 ) if n is considered t, and n+1 is t+h. 

  The equation ( Ⅲ-A-8) predicts x at the future t+h, with the current value of x (x(t)). This is the same as (III-A-

1). Furthermore, by repeating this process, the value far in the future can also be determined. 

Consider the following concrete equation. 

𝑑𝑥

𝑑𝑡
= 2𝑥.                                               (III-A-9) 

At the first time (t=0), let x=1. At this time, consider the value of x after 1 second. Let us assume that h=0.01. Then, 

 

37 The "d" in "dx" is the symbol for difference, not d multiplied by x. The difference is the difference 

between x at t+h and x at t, x(t+h)-x(t). It is a bit different strictly speaking, but this understanding is 

sufficient. dt is strange, but it means t+h-t, which is h after all. 
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the equation ( Ⅲ-A-9) can be transformed as in equation (Ⅲ-A-8) to give 

                                                     𝑥(𝑡 + ℎ) = 𝑥(𝑡) + ℎ2𝑥.   

Putting in concrete numbers (t=0, h=0.01, x(0)=1), 

𝑥(0.01) = 𝑥(0) + 0.01 × 2 × 𝑥(0) = 1 + 0.02 = 1.02 , 

The same is true after 0.02 seconds. Similarly, after 0.02 seconds 

                   𝑥(0.02) = 𝑥(0.01) + 0.01 × 2 × 𝑥(0.01) = 1.02 + 0.01 × 2 × 1.02 = 1.0404 . 

The same will apply below. 

              𝑥(0.03) = 𝑥(0.02) + 0.01 × 2 × 𝑥(0.02) = 1.0404 + 0.01 × 2 × 1.0404 = 1.061208 , 

..... 

               𝑥(1) = 𝑥(0.99) + 0.01 × 2 × 𝑥(0.99) , 

               = 7.10259423358087 + 0.01 × 2 × 7.10259423358087 = 7.24464611825249. 

This means that the value of x after 1 second can be determined. In the same way, 1000 calculations will give the 

value after 10 seconds, and 10000 calculations will provide the value after 100 seconds. This is a complicated 

calculation by hand, but it can be done quickly on a computer. 

 If we apply this, we can solve any differential equation. Strictly speaking, there are a few problems, but it means 

that middle school students can solve differential equations38.  

 There are a couple of issues here. The first one is: "I decided to set h to 0.01 at random, but I am not allowed to do 

that”. It is not good. If it were okay to do anything, there would not be a limit or anything like that in the original 

definition. If we decide h to be a concrete number instead of an extreme limit, the solution is slightly different than 

if we took the limit. To obtain a perfect solution, h must be made smaller and smaller; as h is made smaller and 

smaller, it will gradually approach the proper solution. Therefore, if h is kept small to some extent, the solution will 

be very close to the real one, and there will be no problem in practical use. Then there is the question of what specific 

value of h should be used, but there is no answer. Empirically, if h is reduced little by little and the solution does not 

change in practical use, it is considered good enough39. 

 By the way, differential equations are usually classified as a part of higher mathematics. You may think that junior 

high school students can solve differential equations. Therefore, I will briefly explain what mathematics is doing. 

First, consider the case where the previous example is solved mathematically. That is, the following differential 

equation. 

𝑑𝑥

𝑑𝑡
= 2𝑥. 

In mathematics, they do not want a specific number, but rather x as a function of t. The solution to this differential 

equation can be written in terms of a function as follows. 

  𝑥(𝑡) = 𝐴𝑒2𝑡     A is an arbitrary constant. 

 

38 It may not be solvable depending on the shape of the right-hand side, but it is usually solvable. 

39 The actual computer calculation method is slightly different from the method shown here. The method 

shown here is almost correct when h is very small, but when h is a little larger, the error becomes large. 

Therefore, computer calculations are devised to reduce the error (Runge-Kutter method). 
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In mathematics, they are trying to find a functional form and prove that there is no other answer. 

In addition, they also theoretically study questions such as "Do differential equations have answers in the first 

place? If so, how many are there, and are the answers uniquely determined?” In fact, because of such theoretical 

research, the correctness of numerical calculations such as the one we are doing here is guaranteed. Such 

mathematical studies are challenging to understand. However, the primary or original idea of differential equations 

is relatively simple. What I want you to know is the basic idea. 

 Now, a change-equation like (III-A-1) or a differential equation like (III-A-4) or (III-A-5) is called a dynamical 

system. Initially, the term dynamical system comes from Newton's mechanics. Newton was the first to use differential 

equations to describe the motion of particles and celestial bodies. Therefore, we call such a type of differential 

equation a dynamical equation system. The fact that the solution of a differential equation is unique gave rise to 

determinism, which states that if the present state is known, the future can all be known. Descartes advocated 

elemental reductionism, but there is no idea of determinism there. Determinism is an idea derived from Newton's 

equations of motion. Dynamical systems were initially used in the dynamics of physics. Still, they are now used in 

economics, biology (mathematical ecology), and many other fields besides physics and have become the most 

powerful method for describing (studying) objects. 
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2 Phase space and attractors  

 

2-1. phase space 

 Given a dynamical system consisting of multiple variables, the phase space is the space in which the various 

variables are the coordinate axes. This dynamical system's motion (change) can be expressed as an orbit in this space. 

The trajectory described in this phase space is sometimes called a phase portrait. 

In mechanics, the motion of a particle moving in a straight line is described by a dynamical system (differential 

equation) related to the position and velocity of the particle. Therefore, the phase space of this motion is a plane with 

position and velocity as two coordinates. For example, the following equation expresses the movement of a particle 

pulled by a spring. 

  









−=

=

x
dt

dy

y
dt

dx

  ,                      (III-Attachment-10) 

where x is the position and y is the velocity of the particle. In solving this equation, the coordinates x and the velocity 

y are expressed as a function of time t. That is, x=sin(t) and  y=cos(t) (Figure III-A-1). The phase space shows the 

x-coordinate position and the y-coordinate velocity at each point in time (Figure III-A-1B). 

 

 

 

Suppose the equation representing the dynamical system is expressed in two variables. In that case, it becomes a 

plane diagram (two-dimensional phase space), and if it is expressed in three variables, it becomes a three-dimensional 

diagram (three-dimensional phase space). Since the number of variables can be any number depending on the subject, 

the phase space also has four or five dimensions, as many as the number of variables. The phase space dimensions 

are called the degrees of freedom of the dynamical system. 



93 

 

 

 

Figure III-A-2 shows the dynamical system, which is called Rösler's chaos. A is a trajectory in phase space, and B 

is a time series graph. The time series graph of each variable is very complicated and does not seem to have any 

regularity. Still, a beautiful figure emerges when it is represented in phase space, as shown in A. This is an example 

of how a change in representation can reveal regularity in something that appears to have no regularity at first glance. 

Generally, a very beautiful figure emerges when a phenomenon called chaos is represented in phase space. 

 

2-2. Attractor 

 As the text mentions, a linear dynamical system has a single final stable state. Figure III-A-3 shows a two-

dimensional linear dynamical system (differential equation) solution in phase space. 

 

 

The figure depicts three trajectories starting from three different starting points (A, B, and C in the figure), and 
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although the three points are other, they eventually approach point S as time passes. In fact, in this dynamical system, 

the final state is the point S, no matter where one starts from in the plane. All points approach this point, so this point 

S can be considered to attract other points. In this sense, such a point (generally, a figure consisting of a collection of 

points) is called an attractor. 

 In a linear dynamical system, the attractor consists of a single point. That is, the final state of a linear dynamical 

system is a single fixed point. However, in nonlinear dynamical systems, it is different. 

 

 

 

 

Please see Figure III-A-4. This figure is a two-dimensional phase space of a particular nonlinear dynamical system. 

In the figure, white, red, and green curves can be seen. Each of these three curves starts from a different initial value. 

However, you can see that eventually, all curves wind up into an ellipse-like curve (only that part is illustrated on the 

right side). The white and green curves wrap around from the outside, while the red curve wraps around from the 

inside. Eventually, it will continue to wrap permanently around the ellipse-like curve. This ellipse-like curve (closed 

curve because it is closed) is called a limit cycle. Thus, in a nonlinear dynamical system, the final state is not a fixed 

point but an ever-moving state that continues indefinitely in periodic motion. This limit cycle is an attractor because 

it attracts surrounding points in the same way as before. 
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Figure III-A-5 is the Rösler chaos described above. This is a nonlinear dynamical system in three dimensions. 

Figure III-A-2 (A) showed only the middle clump (white curve in the figure) in this figure, but Figure III-A-5 shows 

what happens when starting from point A, which is far from this clump. Notice the red curve in the figure. As you 

can see in the figure, the point starting from A goes around the clump and once moves away from it (point B), but 

then changes direction rapidly and is finally absorbed by the clump. After being absorbed, it continues to move 

permanently within this mass. This clump, like the previous limit cycle, attracts surrounding points. In other words, 

this lump is also an attractor. However, this attractor has a very complicated and strange shape compared to a linear 

point or the previous limit cycle. For this reason, this strangely shaped attractor is called a strange attractor. Strange 

attractors are a characteristic of chaos. 

 

 

  

A

B
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3 Logistic Map 

 

 A logistic map is a dynamical system expressed by the following equation. 

  𝑥𝑛+1 = 𝑎𝑥𝑛(1 − 𝑥𝑛) .                                               (III-Attachment-11) 

 The properties of the solution of this equation change drastically with the value of a. And chaos occurs at 

3.569945...<a<4. Figure III-A-6 is the graph when 𝑎 = 3.8. The dotted line A is the graph for the initial condition 

𝑥1 = 0.1, and solid line B is the graph for the initial condition 𝑥1 = 0.101. The two curves are almost identical at 

first, but after n=10, the two curves begin to deviate from each other, and after n=15, the two curves behave as if they 

are two different curves. This is the sensitivity to initial conditions of chaos. Even if the initial values are almost the 

same (0.1 and 0.101), the two motions become far apart as time goes by. 

 

   

   

In addition, 𝑦𝑛+1 = 1 − 𝑟𝑦𝑛
2 is also called a logistic map and shows chaos as in the above equation. In this case, if 

𝑟 =
𝑎(𝑎−2)

4
, 𝑥 = 4(𝑦 − 2)/(𝑎 − 2) in the above equation, they are the same as each other. In this case, however, 

chaos occurs at 1.4011… <r<2. 
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4 Three expressions for frequency distribution 

 

4-1 Three Expressions of Distribution 

A. Size-Frequency plot (Figure III-A-7A ) 

This is a commonly used distribution chart. The size (measured size) is written on the horizontal axis, and the 

frequency is on the vertical axis. It is the same as a histogram. It is the same as the probability density function p(x). 

In the case of word frequency within a sentence, the number of words with the same frequency of occurrence is 

plotted against frequency. For the frequency distribution of disease names, the frequency of occurrence is plotted on 

the horizontal axis, and the number of disease names with that frequency is plotted on the vertical axis. 

In the case of a power-law distribution, the frequency distribution  f(x) of objects with size x is expressed as 

    𝑓(𝑥) =
𝐵

𝑥𝛼
   (𝑥 > 𝑥𝑚𝑖𝑛)   ,                                     (III-A-12) 

where B and α are constants. If the total number of targets is T, 𝑝(𝑥) = 𝑓(𝑥)/𝑇. This α is called the "power-law 

exponent.” 

 

B. Rank-Size plot (Figure III-4-7B ) 

This is also called a Zipf plot. Now, the data are ordered. The criteria for ordering can be size, weight, frequency, 

or anything else. In this case, a graph with the order (rank) on the horizontal axis and the criteria (size, weight, 

frequency, etc.) on the vertical axis is called a Rank-Size plot. There are many kinds of order: words in order of 

frequency of disease names, rocks in order of their size when smashed, nodes in order of the number of edges in the 

graph (network), and so on. 

 However, in the case of the frequency of words or disease names, the criteria are the frequency (the frequency 

of specific disease names is the criteria for ordering), so we call it a rank-frequency plot. 

 For a power-law distributed object, the size of the nth object, Sn, is expressed as 

                       𝑆𝑛 =
𝐴

𝑛𝜁
      ,                          (III-A-13) 

where A and ζ are constants. In particular, we refer to ζ as the Zipf exponent. 

 

C. Complementary Cumulative Distribution Function (CCDF) and 

Complementary cumulative frequency plot (Figure III-A-7C) 

The complementary cumulative distribution function (CCDF) of the random variable40 X is defined as follows. 

       𝑃(𝑥) = Pr (𝑋 ≥ 𝑥) . 

In ordinary language, it means the probability that the value of an event is greater than or equal to a specific value x. 

 P(x) is expressed as follows in the power-law distribution case. 

 

 

40 By a random variable, we mean a variable that takes a value that is assigned to a possible occurrence 

with respect to a certain event. For example, in the case of dice, there are six possible values: 1, 2, ..., 6. 

Let X be the variable that takes these six possible values, Pr(X=6) means the probability of taking the 

value 6 (1/6), and Pr(X≥4) means the probability of taking 4 or more (4, 5, 6) (1/2). 



98 

 

                                                         𝑃(𝑥) = Pr(𝑋 ≥ 𝑥) = ∫ 𝑝(𝑡)𝑑𝑡
∞

𝑥
=

𝐷

𝑥𝛽
  ,                  (III-A-14)  

 

where D and β are constants, 𝛽 = 𝛼 − 1 relationship between α and β. 

Furthermore, there is the following relationship between α and ζ, 

    𝛼 =
𝜁+1

𝜁
 .                                                         (III-A-15) 

Thus, no matter which data representation is expected to have a power-law distribution, the power-law exponent α 

can be obtained. 

2. Evaluation of the power-law exponent 

 As shown above, a set of data can be represented by three types of plots. If the data set follows a power-law 

distribution, then the three types of plots above, displayed on both logarithmic scales, will be approximately linear. 

Then, we can estimate the exponent α from the slope. Any of the three plots can be used to estimate α, but for practical 

purposes, the CCDF provides the most accurate estimate. 

 Figure III-A-7 shows three types of plots drawn from the same data. Table III-A-1 shows the regression analysis 

of these three plots. These results show that the slope and α obtained from the size-frequency plot have a more 

considerable variance than those estimated from the other plots. Newman states that the α obtained from the size-

frequency plot is imprecise compared to the other plots [49]. 
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5 Number of diseases required.  

 

5-1 Number of disease names required when the distribution follows a power-law. 

Suppose the frequency distribution of disease names is as follows. 

x

A
xf =)(

 . 

Since the frequency of disease names is an integer at this time, the only part that makes sense is the part where f(x) ≥ 

1. In other words, once A is determined, the number of disease names available is determined by the largest a for 

which f(a) ≥ 1. 

Then, the number of patients (s) for which the disease can be named is as follows. 

                                                                                 𝑠 =    ∑ [
𝐴

𝑥𝛼
]𝑎

𝑘=1 ≈ ∫
𝐴

𝑥𝛼
𝑎

1
𝑑𝑥 .                ( III-A- 16)    

 

Calculate this. 

 

If α > 1, 

                                                            𝑠 = [−
𝐴

𝛼−1
𝑥−𝛼+1]

1

𝑎
=

𝐴

𝛼−1
(1 − 𝑎1−𝑎) . 

Here, 
𝐴

𝑎𝛼
= 1 So, substituting 𝐴 = 𝑎𝛼,  𝑠 =

1

𝛼−1
(𝑎𝛼 − 𝑎) ≈

𝑎𝛼

𝛼−1
.  Solving for a, we get 

𝑎 = √(𝛼 − 1)𝑠
𝛼

   .                                        (III-A-17) 

This indicates that the number of disease names required when naming a disease for s patients is a. 

For α = 1, then, 

𝑠 = [𝐴 log 𝑥]1
𝑎 = 𝐴 log 𝑎 = 𝑎 log 𝑎  .                  (III-A-18) 

Here, we used A= a.     

5-2. Number of required disease names in case of exponential distribution 

If 𝑓(𝑥) = 𝐴exp(−𝑏𝑥) , as in the power-law distribution, we approximate as follows. 

      𝑠 = ∑ 𝐴 exp(−𝑏𝑛) ≈ ∫ 𝐴 exp(−𝑏𝑥) 𝑑𝑥
𝑎

1
𝑎
𝑘=1  .                         (III-A-19) 

However, since 𝐴 exp(−𝑏𝑎) = 1,  𝐴 = exp (𝑏𝑎) or, 𝑎 = log𝐴 /𝑏 . 

If we perform an integral 

𝑠 = [−
𝐴

𝑏
exp(−𝑏𝑥)]

1

𝑎
=
𝐴

𝑏
exp(−𝑏) −

𝐴

𝑏
exp(−𝑏𝑎) . 

Since 𝐴 = exp(𝑏𝑎) , 𝑎𝑏 = log𝐴. Then, we have Substitute 

𝑠 =
1

𝑏
(
𝑒𝑏𝑎

𝑒𝑏
− 1) ≈

𝑒𝑏(𝑎−1)

𝑏
 . 
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 Solving for a, we obtain 

𝑎 =
log𝑏𝑠+𝑏

𝑏
  .                                 (III-A-20)  

Here, b is appropriately matched to the actual measurement. 

For example, if b=0.05, then s=1000 and a=80. To name a disease for 1000 people, we only need 80 disease names. 

This is about the same as the actual measured data. See Figure III-3-13 in the main text for a graph of the results. 

 

 

 

 

 


